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ABSTRACT
Geometric resonances  in 99*9999°/0 p u r i t y  t h a l l i u m  meta l  have been 
observed w i th  l o n g i t u d i n a l  sound waves p ropaga ted  a long  t h e  t h r e e  major 
axes  a t  f r eq u e n c ie s  up to  162 Me. The c a l i p e r s  o f  both s e c t i o n s  o f  the  
t h i r d  band hole  s u r f a c e  and those  a s s ig n e d  to  the  f o u r th  band e l e c t r o n  
s u r f a c e s  a r e  in g enera l  agreement w i th  the  band c a l c u l a t i o n  o f  Soven, 
even though some d a ta  a s s o c i a t e d  w i th  the  f o u r t h  band appears  t o  ag re e  
wel l  w i th  the  n e a r l y - f r e e  e l e c t r o n  th e o ry .  Evidence o f  open o r b i t s  in 
the  [ 1010] d i r e c t !  on has been seen which is  in agreement w i th  the  
p r e d i c t e d  degeneracy of the  t h i r d  and f o u r t h  bands a long  AL. No open 
o r b i t s  were seen in the  [ 0001] d i r e c t i o n ,  e s t a b l i s h i n g  f u r t h e r  ev idence  
fo r  the  n o n - c o n n e c t iv i t y  of  the  f o u r t h  band e l e c t r o n  s u r f a c e  in the  
c -d i  r e c t i o n .
The theory  of  P ippard  f o r  the  a b s o r p t io n  o f  energy  from a sound 
wave due t o  i n t e r a c t i o n s  w i th  e l e c t r o n s  in m e ta l s  i s  d i s c u s s e d  and 
expanded in the  app en d ice s .  R esu l t s  a r e  o b ta in ed  f o r  l o n g i t u d i n a l  
waves when c u t  < 1 f o r  both  qjt »  1 and qj£ «  1 in the  absence  o f  a 
magnet ic  f i e l d .  The theory  is a l s o  p re s e n te d  f o r  the  a t t e n u a t i o n  of  
lo n g i t u d i n a l  sound waves in the  p re sence  of  a t r a n s v e r s e  magnet ic  
f i e l d  under the  c o n d i t i o n s  qX »  1, cu^T »  1, cut < 1. The o s c i l l a t o r y  
behav io r  o f  the  a t t e n u a t i o n  c o e f f i c i e n t  co r re sp o n d in g  to  geometr ic  
resonances  i s  d i s cu s sed .
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I. INTRODUCTION
In r e c e n t  y e a r s ,  r a p id  p ro g r e s s  has been made in th e  ex p e r im en ta l  
d e t e r m in a t io n  o f  t h e  Fermi s u r f a c e  in  m e ta l s .  The su cc e s s  o f  methods 
such as  the  de Haas van Alphen e f f e c t ,  c y c l o t r o n  re sonance ,  and th e  
m agne to aco u s t ic  e f f e c t  has to  a l a r g e  e x t e n t  been due t o  th e  advances  
in t h e  t h e o r y  o f  th e  beh av io r  of  e l e c t r o n s  in m e ta l s .  Harr ison*  p r e ­
s e n te d  th e  n e a r l y - f r e e  e l e c t r o n  Fermi s u r f a c e s  f o r  a l a r g e  group o f
m e ta l s  in i 960 . The r e s u l t s  were m od if ied  f o r  th e  hep m e ta l s  when Cohen 
2
and F a l ic o v  showed t h a t  due t o  s p i n  o r b i t  c o u p l in g ,  th e  degeneracy  
a long  the  AHL p l a n e  of  th e  hexagonal zone was removed. L a te r  Cohen 
and Fa l icov^  d em ons t ra ted  t h a t  magnet ic  breakdown should  a l t e r  t h e
L
topo logy  o f  th e  n e a r l y - f r e e  e l e c t r o n  Fermi s u r f a c e ,  and Blount p r e ­
d i c t e d  t h a t  t h e s e  e f f e c t s  should  b e g in  t o  occu r  a t  magnet ic  f i e l d s
p
de term ined  by Iku Eg /E_.c r
The u s e f u l n e s s  of  th e  th e o ry  has been w e l l  conf i rmed by exper im ent
in a group o f  t h e  d i v a l e n t  as  w e l l  a s  some o f  the  h ig h e r  v a lency  m e ta l s .
Tha l l ium ,  which has the  p r i n c i p a l  s e c t i o n s  o f  t h e  Fermi s u r f a c e  c e n t e r e d
in  th e  AHL p l a n e ,  i s  a l o g i c a l  c h o ic e  f o r  a m eaningfu l  e x t e n s i o n  o f
th e  compar ison between exper im en t  and  th eo ry .
The e l e c t r o n i c  p r o p e r t i e s  o f  t h a l l i u m  were f i r s t  i n v e s t i g a t e d  by
5
A le k se e v sk i i  and Gaidukov, who measured the  t r a n s v e r s e  m a g n e t o r e s i s t a n c e  
in f a i r l y  h igh m agnet ic  f i e l d s .  Mackin tosh,  S pane l ,  and Young^ performed 
th e  same type  o f  measurements ,  and t h e i r  i n t e r p r e t a t i o n  was c o n s i s t e n t  
w i th  th e  n e a r l y - f r e e  e l e c t r o n  p i c t u r e .  U l t r a s o n i c  a t t e n u a t i o n  measure­
ments have been performed by Rayne^ and by E c k s t e i n ,  K e t t e r s o n ,  and
8 9P r i e s t l e y  ( h e r e a f t e r  r e f e r r e d  to  as EKP), and P r i e s t l e y  has a l s o
measured t h e  de Haas van Alphen e f f e c t .  Soven**^ ** performed a
r e l a t i v i s t i c  O.P.W. c a l c u l a t i o n  f o r  t h e  Fermi s u r f a c e  o f  t h a l l i u m ,
which a lo n g  w i th  the  n e a r l y - f r e e  e l e c t r o n  r e s u l t s ,  w i l l  be compared t o
the  p r e s e n t  r e s u l t s .  In most of  the  i n s t a n c e s  where the  p r e s e n t
r e s u l t s  o v e r l a p  t h o s e  of EKP and Rayne, th e  a ss ignm ents  of  th e  c a l i p e r s
t o  the  d i f f e r e n t  p o r t i o n s  of  the  Fermi s u r f a c e  a r e  in  g e n e r a l  agreement.
The p r e s e n t  exper im en t  uses  the  method of geom et r ic  re sonances  
and to  a l e s s e r  e x t e n t ,  open o r b i t  resonances  t o  s tu d y  the  major 
f e a t u r e s  o f  t h e  low magnet ic  f i e l d  Fermi s u r f a c e  o f  t h a l l i u m .  Each 
o f  t h r e e  s i n g l e  c r y s t a l s  o f  h igh  p u r i t y  (99 . 9999° / o )  hep t h a l l i u m  
meta l  were p re p a red  so  t h a t  sound waves cou ld  be p ropaga ted  a lo n g  one 
of  the  t h r e e  major c r y s t a l l o g r a p h i c  ax«es in the  p re s e n c e  of  a t r a n s v e r s e  
magnet ic  f i e l d .  The a t t e n u a t i o n  c o e f f i c i e n t  was reco rded  by th e  method 
d i s c u s s e d  in  the  s e c t i o n  on ex p e r im en ta l  p ro c e d u re s .  The r e s u l t i n g  
cu rves  were ana lyzed  and the  v a lu e s  of  th e  c a l i p e r s  a r e  p r e s e n te d  in 
the  form o f  p o l a r  p l o t s  and t a b l e s .  The i n t e r p r e t a t i o n  of  t h e  d a ta  i s  
d i s c u s s e d  in  the  s e c t i o n  d e a l i n g  w i th  e x p e r im e n ta l  r e s u l t s ,  and i s  in 
a c c e p t a b l e  agreement w i th  th e  p r e d i c t i o n s  o f  Soven. E f f e c t s  were 
observed  which a r e  p ro b ab ly  r e l a t e d  t o  magnet ic  breakdown o c c u r r i n g  
a t  or  near  the  p o i n t s  o f  degeneracy  o f  th e  t h i r d  and f o u r t h  bands in 
th e  AHL p la n e ,  and a r e  d i s c u s s e d  in d e t a i l .  Evidence o f  open o r b i t s  
in the  [ 1010] d i r e c t i o n  was s een ,  bu t  s i n c e  the  l i n e  shape o f  th e  open 
o r b i t  r esonances  cou ld  not be s t u d i e d ,  no d e f i n i t e  in fo rm a t io n  c o n ce rn in g  
th e  open o r b i t  was o b t a i n e d .  The absence  o f  re sonances  c o r r e sp o n d in g  
t o  open o r b i t s  in t h e  c - d i r e c t i o n  i s  i n t e r p r e t e d  a s  ev idence  t h a t  the  
f o u r t h  band e l e c t r o n  s u r f a c e  does not c o n t a c t  the  Thk p lane  n ea r  the
k
c o r n e r s  of  the  B r i l l o u i n  zone,  c o n t r a r y  to  the  p r e d i c t i o n s  of  the  n e a r l y -  
f r e e  e l e c t r o n  th eo ry .
The theory  of  a c o u s t i c  a t t e n u a t i o n  in meta ls  i s  d i s c u s s e d  in 
Appendices I and I I .  The development fo l low s  t h a t  o f  P ippard ,  wherein  
the  p h y s ic a l  p ro c e sse s  by which the  e l e c t r o n s  absorb  energy  from the  
p a ss in g  sound wave a r e  d i s cu s sed  us ing  the  hard Fermi s u r f a c e  a p p r o x i ­
mation.
An approach f o r  a genera l  s o l u t i o n  o f  the  a t t e n u a t i o n  c o e f f i c i e n t  
in the  absence o f  a magnet ic  f i e l d  under the  r e s t r i c t i o n  cot < 1 is  
p r e s e n te d .  A p a r t i c u l a r  s o l u t i o n  i s  o b ta in ed  f o r  p u r e ly  l o n g i t u d i n a l  
sound waves, and is  e v a lu a te d  in the  f r e e - e l e c t r o n  approx im a t ion .  Both 
the  case  of qj£ »  1 and qA «  1 a r e  d i s c u s s e d .  The s o l u t i o n s  a r e  in
agreement w i th  the  r e s u l t s  of  o t h e r  i n v e s t i g a t o r s .
The p h y s i c a l  c o n s i d e r a t i o n s  used in o b t a in in g  a s o l u t i o n  f o r  the  
a t t e n u a t i o n  c o e f f i c i e n t  in the  absence  o f  a magnet ic  f i e l d  a r e  then 
a p p l i e d  t o  the case  o f  a t t e n u a t i o n  in the  p resence  of a t r a n s v e r s e  
magnet ic  f i e l d .  The s o l u t i o n  i s  c a r r i e d  ou t  in d e t a i l  f o r  p u re ly
l o n g i t u d i n a l  waves p ropaga ted  in a d i r e c t i o n  p e r p e n d ic u l a r  to  the  a p p l i e d
magnet ic  f i e l d .
The assumption o f  qj£ »  1 i s  made and r e s u l t s  o b ta in e d  f o r  the
o s c i l l a t o r y  geometr ic  resonances .  The p e r i o d i c i t y  o f  the  o s c i l l a t o r y
component in the  a t t e n u a t i o n  c o e f f i c i e n t  in the  r e c i p r o c a l  o f  the
magnet ic  f i e l d  i s  d i s c u s s e d  a s  a p p l i e d  t o  th e  p r e s e n t  exper im en t .  The
r e s u l t s  a r e  in agreement w i th  bo th  P ippard  and Cohen, H ar r i son ,  and
H arr ison  in the  l i m i t  cut < 1 and cu t  »  1.c
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I I .  EXPERIMENT
A s i n g l e  t r a n s d u c e r  p u l s e - ec h o  te chn ique ,  s i m i l a r  t o  t h a t  d e sc r ib e d  
12by Morse, was employed dur ing  the  cou rse  o f  t h i s  i n v e s t i g a t i o n .  The
p u l s e d - o s c i l l a t o r ,  r e c e i v e r ,  and ca thode  ray  tube  assembly was a s e l f -
13co n ta in ed  u n i t ,  the  Sperry  Products  J  A t t e n u a t io n  Comparator, s t y l e  
56AOOI. The v ideo  o u tp u t  from the  comparator was fed t o  a pu lse  echo
Ilf
s e l e c to r - d e m o d u la to r  u n i t  designed by Kamm and Bohm. The only  modi­
f i c a t i o n  was the  om iss ion  o f  the  f i n a l  s t a g e  lo g a r i th m ic  c o n v e r t e r .  I t
was found more co nven ien t  to  d e l i v e r  the  ou tpu t  of  the  demodulator u n i t
10
t o  a Hewlett  Packard J  Model 410 C v o l tm e te r .  This se rved  the  twofo ld  
purpose  o f  o f f e r i n g  a d i r e c t  v i s u a l  m on i to r ing  o f  the  i n t e g r a t e d  p u l s e  
h e i g h t ,  w h i le  f u r n i s h i n g  the  a d d i t i o n a l  a m p l i f i c a t i o n  n eces sa ry  f o r
I'D
inpu t  t o  th e  Moseley 60B Logari thmic  Conver te r .  The f i n a l  s i g n a l ,
which was now p r o p o r t i o n a l  t o  the  a t t e n u a t i o n  c o e f f i c i e n t ,  was recorded
13on the  Y-axis  of a Moseley Model 2-D X-Y re c o rd e r  w i th  s t r i p  c h a r t
a t t a ch m en t .  (A b lock  diagram o f  the  equipment i s  shown in  Fig.  1 . )
13The magnet ic  f i e l d  was p rovided  by a Varian J twelve inch magnet
system and through use  o f  the  F i e l d i a l  r e g u l a t i o n  system, the  magnet ic
f i e l d  could  be de te rm ined  to  w i th in  0 . 5°/o*
The samples used in the  exper iment  were p repa red  from a zone-
r e f i n e d  ba r  o f  t h a l l i u m  meta l  o b ta in ed  from Cominco Products  Incor-  
13p o ra te d  (quoted p u r i t y :  99*9999°/o)* There was on ly  one s i n g l e
c r y s t a l  in the  ba r  as  r e c e iv e d  t h a t  was o f  s u i t a b l e  s i z e  f o r  an u l t r a ­
so n ic  specimen. I t  was spa rk  machined in to  a r e c t a n g u l a r  p a r a l l e l o p i p e d  
app rox im a te ly  14mm X 13mm X Jam, w i th  the  normal t o  the  l a r g e  faces  
w i t h i n  ±  1° o f  the  [OOOl] a x i s .
6
To o b ta in  the  o t h e r  samples the  s t r a i n - a n n e a l  t e ch n iq u e  o f  c r y s t a l  
growth was adopted where in  a two inch leng th  o f  the  t h a l l i u m  ba r  was 
s u b je c t e d  t o  a l o n g i t u d i n a l  compression  r e s u l t i n g  in abou t  a one p e rc e n t  
de fo rm at ion  in l en g th .  The sample was then e tched  t o  remove the  oxide  
c o a t i n g  and s e a le d  in a Pyrex g l a s s  tube under vacuum. Next the  sample 
was p laced  in an oven and annea led  a t  220°C f o r  ten  days .  The an n ea l in g  
tem pera tu re  was chosen to  be 10°C below the  tem pera tu re  o f  the  t r a n s i -
15
t i o n  from the  body c e n t e r e d  cub ic  t o  the  hexagonal c lo se -p a c k ed  phase .
As a r e s u l t  o f  the  a n n e a l in g ,  four  or f i v e  l a rg e  s i n g l e  c r y s t a l s  were 
produced,  and two were s e l e c t e d  f o r  use.  These c r y s t a l s  were sp a rk  
machined i n t o  r e c t a n g u l a r  p a r a l l e l o p i p e d s  13mm X 13mm X 3i™n and
15mm X 16mm X 3mm, th e  normal to  the  l a rg e  f a c e s  of  the  former be ing  a long
the  [ 1120] a x i s ,  w h i le  the  normal t o  the  l a r g e  faces  o f  the  l a t t e r  was
a long  the  [1010] a x i s .  Both o r i e n t a t i o n s  were w i th in  ±  1°, a g a in  checked
by Laue X-ray photographs .  F inal s u r f a c e  p r e p a r a t i o n  was achieved  by 
s p a r k  p la n in g .  I t  was found t h a t  smooth, p a r a l l e l  f a c e s  could be o b ta in ed  
in t h i s  manner. The faces  o f  one o f  the samples were p o l i s h e d  by us ing  
d i l u t e  n i t r i c  a c id  as  an a c id  p o l i s h i n g  re a g e n t .  This p ro ced u re ,  a l though  
improving the  appearance  of  the  sample somewhat, d id  no t  y i e l d  a m i r r o r ­
l i k e  s u r f a c e ,  nor d id  i t  have any s i g n i f i c a n t  e f f e c t  on th e  u l t r a s o n i c  
s i gna l .
I t  should  be mentioned t h a t  one of  the  c r y s t a l s  showed ev idence  of 
be ing  s l i g h t l y  mosaic.  However, t h i s  s t r u c t u r e  was o f  smal l  e x t e n t  
compared to  the  bu lk  of  the  sample,  and the  o r i e n t a t i o n s  d i f f e r e d  by 
l e s s  than 1°. _No e f f e c t s  o f  the  mosaic s t r u c t u r e  were o b se r v ab le  in 
th e  d a t a .
A ll  t h r e e  samples had mean f r e e  pa th s  in excess  o f  2 .0  mm a t  1.2°K, 
i n d i c a t i n g  t h a t  the  s t r a i n - a n n e a l  techn ique  could  produce samples as  
good as those  grown from the  mel t .  The mean f r e e  pa th  was c a l c u l a t e d  
by the  u sua l  r e l a t i o n
JL = (n + 1 /2 )  rtX , (1)
where X was the wave leng th  o f  sound a t  15 Mc/sec,  and n i s  the  number
of  o s c i l l a t i o n s  observed in the  a t t e n u a t i o n  c o e f f i c i e n t .  The th r e e
samples had n = 6 , 5 > and 5 > r e s p e c t i v e l y .
Since th a l l i u m  o x id i z e s  r e a d i l y  when exposed to  th e  a tmosphere ,  i t
was found n eces sa ry  to  s t o r e  the  samples in g l y c e r i n e .  Two days p r i o r
to  each run,  the  sample was removed from the  g ly c e r in e  and c lean sed
1^w ith  anhydrous methyl a l c o h o l .  A Valpey Corpora t ion  J X-cut  go ld -
p l a t e d  q u a r t z  t r a n s d u c e r ,  l A "  in d iam ete r  w i th  15 Mc/sec fundamenta l ,
I'a
was immediately bonded t o  the  sample us ing  a Dow Corning J 200 s i l i c o n e  
o i l ,  the  v i s c o s i t y  o f  which was 2 ,000 ,000  c e n t i s t o k e s .  The sample was 
p laced  in the  sample h o ld e r  w i th  a s p r in g - lo a d e d  c o n t a c t  b u t to n  app ly ing  
l i g h t  p r e s s u r e  t o  the  t r a n s d u c e r .  The arrangement was then p laced  
under vacuum f o r  two days t o  a l low  the  high v i s c o s i t y  bonding agen t  to  
be squeezed f l a t  under the  t r a n s d u c e r .  This te chn ique  was found t o  be 
e n t i r e l y  s a t i s f a c t o r y ,  g iv in g  a s t r o n g  echo p a t t e r n  down to  l i q u i d  
helium tem pera tu res  w i th  no ev idence  o f  f a u l t y  bonding.
The d a ta  was taken a t  1.2°K to  reduce the  s c a t t e r i n g  o f  the  
e l e c t r o n s  by thermal phonons the reby  enhancing the  o s c i l l a t o r y  component 
of  the  a t t e n u a t i o n  curve .
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111. THEORY AND DATA ANALYSIS
The g e n e r a l  theo ry  o f  m agne toacous t ic  a t t e n u a t i o n  has been given 
by Cohen, H a r r i son ,  and H a r r i s o n ^  and by P i p p a r d . ^  The p r i n c i p a l  
r e s u l t  o f  t h e i r  work, in the  c a se  of  geometr ic  re sonances ,  i s  t h a t  the  
a t t e n u a t i o n  c o e f f i c i e n t  is  p e r i o d i c  in the  r e c i p r o c a l  of  the  magnet ic  
f i e l d ,  and t h a t  t h i s  p e r io d  is  r e l a t e d  t o  the  k space c a l i p e r  of  th e  
e l e c t r o n  o r b i t .  The method of P ippard  i s  d i s c u s s e d  in d e t a i l  in 
Appendices I and II f o r  the  case  o f  p u r e ly  l o n g i t u d i n a l  sound waves in 
the  p re sen ce  o f  a t r a n s v e r s e  magnet ic  f i e l d ,  and f o r  the  r e a d e r s '  
b e n e f i t ,  the  n o t a t i o n  in the  two appendices  i s  chosen t o  c o in c i d e  w i th  
t h a t  of  P ippard  wherever p o s s i b l e .
A
In the  geometry where q ,  th e  wave v e c to r  of a l o n g i t u d i n a l  sound 
wave, i s  p e r p e n d i c u l a r  t o  the  a p p l i e d  magnet ic  f i e l d ,  the  r e l a t i o n  may 
be simply exp ressed  as
kD = d i  A(l/H) ’ ^
where kp i s  tw ice  the  r a d i a l  c a l i p e r  o f  the  Fermi s u r f a c e  in the  d i r e c -
A A
t i o n  q X Hj ^ is  the  wavelength  o f  sound and A(l/H) is  t h e  p e r io d  o f  the  
o s c i l l a t i o n s  in r e c i p r o c a l  f i e l d .  I t  is  g e n e r a l l y  assumed t h a t  the  va lue  
o f  k^ measured by the  geometr ic  resonance  techn ique  is  a s s o c i a t e d  w i th  
an ex t rem al  v a lu e  o f  k assumed on the  o r b i t .  However, i t  i s  w e l l  recog­
n ized  tha t ,  t h i s  need not  always be the  c a s e ,  and t h i s  p o i n t  has been 
d i s c u s s e d  by s e v e r a l  a u t h o r s . ^  During th e  a n a l y s i s  o f  t h i s  
exper iment  the  assumption of  measur ing  the  ex t rem al  va lue  o f  k w i l l  be 
made with  few e x c e p t io n s  s in c e  t h i s - a s s u m p t io n  g ives  very  rea sonab le  
r e s u l t s .  The e x c e p t io n s  w i l l  be d i s c u s s e d  in the  s e c t i o n  on ex p e r im en ta l  
r e s u l t s .
T h e o r e t i c a l  c o n s i d e r a t i o n s  show t h a t  the  t h i r d  and f o u r t h  bands of  
t h a l l i u m  should  be degene ra te  a long  the  l i n e  AL as  shown in Fig.  2.
Soven p r e d i c t s  t h a t  the  magnet ic  f i e l d s  r e q u i r e d  t o  cause  breakdown
between the  t h i r d  and f o u r th  bands in d i r e c t i o n s  s l i g h t l y  d i f f e r e n t  from
[ 1010] should  be w i th in  the  range of  f i e l d s  s t u d i e d  in t h i s  exper im en t .  
Hence, both open o r b i t s  and ex tended  o r b i t s  should  be p o s s i b l e  w i th  the
A
magnet ic  f i e l d  in the  [ 1120] d i r e c t i o n ,  and f u r t h e r ,  i f  q i s  in the
[ 0001] d i r e c t i o n ,  open o r b i t  r e s o n a n c e s * ^ '*"* should  be observed  in the
a t t e n u a t i o n  c o e f f i c i e n t .
The va lues  of the  magnet ic  f i e l d  f o r  which the  open o r b i t  resonances  
should  occur a r e  given by
ch k
Hn ■ 3 H T  ’ <3>
where kQ is  th e  B r i l l o u i n  zone e x t e n s io n  a long the  o r b i t  and n i s  an
i n t e g e r .
The a n a l y s i s  of  the  d a ta  was based p r i m a r i l y  upon i n t e r p r e t a t i o n  of 
graphs of the  r e l a t i o n
1/H = an + c , (4)
where a and c a r e  t o  be de termined  by th e  s t r a i g h t  l i n e  f i t ,  and n is
an i n t e g e r .  I n t e r p r e t a t i o n  was c o m p l ic a te d ,  however, by th e  appearance  
o f  th e  second harmonics o f  the  s t r o n g  o s c i l l a t i o n s  a t  f i e l d s  t y p i c a l l y  
above 1200 gauss ,  and a c o n s i d e r a b l e  amount of  harmonic mixing was a l s o  
no ted .  F o r tu n a t e ly ,  i t  was found t h a t  by p l o t t i n g  the  d a t a  u s ing  Eq. (4) 
f o r  magnet ic  f i e l d s  l e s s  than th o se  above which the  d a ta  e x h i b i t e d  h igh  
harmonic c o n t e n t ,  the  p e r io d s  cou ld  be de termined  w i th  p r e c i s i o n s  













high harmonic  c o n t e n t  could  then be accomplished by a s s i g n i n g  the 
remain ing peaks to  e x t e n s io n s  o f  the  l i n e s  p l o t t e d  f o r  the  lower f i e l d  
re g io n .  These l i n e s  were then c o r r e c t e d  t o  g ive  a b e s t  f i t  f o r  the  
o v e r a l l  d a t a .  In t h i s  manner, a s e l f - c o n s i s t e n t  type o f  i n t e r p r e t a t i o n  
was p o s s i b l e ,  g iv ing  p r e c i s i o n s  rang ing  from ± l ° / 0 t o  ± 5 °/o*
Another a id  in the  i n t e r p r e t a t i o n  of t h e  d a ta  was the  n = 0 phase  
s h i f t ,  denoted by the  c in Eq. (4 ) .  Although i t  was not p o s s i b l e  t o  
de te rm ine  c f o r  a l l  o f  the  o s c i l l a t i o n s ,  e s p e c i a l l y  th o s e  whose r e l a t i v e  
am pl i tude  had become sm al l  a t  h ig h e r  f i e l d s ,  i t  was a s c e r t a i n a b l e  fo r  
most o f  the  s h o r t e r  p e r i o d ,  and t h e r e f o r e  h ig h e r  f i e l d ,  o s c i l l a t i o n s .  
Knowledge o f  the  phase  s h i f t  g r e a t l y  f a c i l i t a t e d  the  a n a l y s i s  in the  
high harmonic c o n te n t  r eg io n s .
IV. EXPERIMENTAL RESULTS 
A. Geometric Resonances
A- •
The r e s u l t s  f o r  q p a r a l l e l  t o  [0001] a r e  shown in Table I, each 
column co r re spond ing  to  a p o s s i b l e  a ss ignm en t ,  and the  d a ta  i s  d i s p la y e d  
in Fig.  3 . The e n t r i e s  in column ( l )  a re  a s s ig n e d  to  th e  t h i r d  band 
ho le  p o r t i o n  o f  the  Fermi s u r f a c e  which i s  c e n t e r e d  on A, and i s  
t y p i c a l l y  r e f e r r e d  t o  a s  the  " co o k ie"  o r  "crown". The o r b i t s  t r a v e r s e d  
on t h e  crown which g ive  r i s e  t o  dominant e f f e c t s  in t h e  magnetoacous t ic  
a t t e n u a t i o n  appear t o  be c e n t r a l  o r b i t s ,  i . e . ,  those  in a p lane  p a s s in g  
through A and p e r p e n d i c u l a r  to  the  magnet ic  f i e l d .  An example o f  t h i s
type o f  o r b i t  is  the  p a th  C-C shown in Fig. 4 ,  and th e  co r re spond ing
~ 8 “ 1 c a l i p e r  in the  [1120] d i r e c t i o n  o f  1.83  X 10 cm is  in good agreement
w i th  Rayne, EKP, and Soven. As th e  magnet ic  f i e l d  i s  r o t a t e d  toward the
[ 1120] a x i s ,  i t  i s  observed  t h a t  e l e c t r o n s  on c e n t r a l  crown o r b i t s
10a
TABLE I .  C a l ip e r  v a lu e s  fo r  q In th e  [0001]  d i r e c t i o n .  The m agn e t ic  f i e l d  was r o t a t e d  
In the  (0001) p la n e .  E r ro r  l i m i t s  p r e s e n te d  r e f e r  o n ly  t o  u n c e r t a i n t i e s  In  th e  d e t e r ­
m in a t io n  o f  the  p e r io d s .
Angular D i r e c t io n  
o f  C a l ip e r
(1) (2)
kD X 10“8 cm-1 
(3) (4) (5)
3 ° 1.79 ± - 02b .7 2  ± . 02a 1.40 ±  .05 .1 8  ±  .0 2
0°  = [ 1120] 1.83 ± . 02b •72 ± .0 2 ° .1 4  ± .0 2
3° 1-79 ± -02 b • 72 ± . 02a 1.40 ±  .05 .1 3  ± .0 2
6° 1 .72  ±  .0 2 • 73 ±  -02 1.40 ±  .0 2 C . 16 ± .0 2
9 ° 1.68 ± .0 2 .66  ± .0 2 1.25 ±  -02C .1 5  ± .0 2
12° 1.61 ±  .0 2 .61 ±  .0 2 1 .24  ±  .02° .1 5  ± . 02
15° 1.60 ±  . 02b .61* ±  .03 .5 4  ± .0 2 1.79 ±  -05d .1 6  ± . 02
180 I .5 8  ±  . 02b .6 0  ± .03 .51 ± • 02a .1 3  ±  .0 2
210 I .5 6  ±  . 02b .6 3  ±  .0 2 •53 *  - 02° .1 3  ± -02
24° 1.55 ±  -0 2 .6 5  ±  .03 .54  ±  .0 2 ° .1 4  ± . 02
27° I .5 6  ± . 0 2 .61 ±  .0 2 • 53 ±  >02C .13  ± -02
30°  s  [ 1010] I .5 6  ±  .0 2 .61 ±  .0 2 .5 2  ± . 02° .13  *  .0 2
33° 1.54 ± . 0 2 •59 ± -02 • 51 ±  .0 2 C .1 5  ± .0 2
a O s c i l l a t i o n s  c o r r e sp o n d in g  to  t h i s  c a l i p e r  a r e  dominant a t  low m ag n e t ic  f i e l d s .
b O s c i l l a t i o n s  c o r r e sp o n d in g  t o  t h i s  c a l i p e r  a r e  dominant a t  high m agn e t ic  f i e l d s .
c  O s c i l l a t i o n s  c o r r e sp o n d in g  to  t h i s  c a l i p e r  a r e  dominant over th e  ran ge  o f  m agn e t ic
f i e l d s  I n v e s t ig a t e d .











p a r t i c i p a t e  l e s s  in the  magnetoacous t ic  a t t e n u a t i o n .  (See fo o tn o t e s  
in Table  I . )
When the  magnet ic  f i e l d  i s  brought  t o  w i th in  15° of  the  [1120] a x i s ,
i t  is  assumed n o n - c e n t r a l  crown o r b i t s  a r e  r e s p o n s ib l e  f o r  th e  observed
8 — 1c a l i p e r s .  In p a r t i c u l a r ,  the  c a l i p e r  o f  1. 56 X 10 cm co r re sp o n d in g  
to  th e  [IOIO] d i r e c t i o n  i s  i n t e r p r e t e d  as  due to  the  o r b i t  B-B, Fig. 4.  
Note t h a t  the  c a l i p e r  due to  the  B-B o r b i t  should be ap p rox im a te ly  the  
[1010] p r o j e c t i o n  of the  [1120] c a l i p e r  ob ta ined  from the  C-C o r b i t ,  
t h e reb y  cau s in g  th e  r a t i o  k[iQ}o] ^ k[ l l 20] t0  have an aPPr o x ' mate va lue  
of  cos 3O0 . The observed  va lue  o f  the  r a t i o  i s  . 85 , which i s  w i th in  
exp e r im en ta l  e r r o r  o f  the  t h e o r e t i c a l  va lue  of  . 866 . I t  should  be p o in te d  
o u t ,  however, t h a t  the  [1010] c a l i p e r  observed by Rayne and EKP is  in 
c l o s e  agreement w i th  the  expec ted  G-G c a l i p e r ,  s u g g e s t in g  t h a t  indeed a 
c e n t r a l  o r b i t  may be observed.
The c a l i p e r s  in column (2) a r e  a s s ig n e d  t o  the  f o u r t h  band network, 
the  [1010] c a l i p e r  be ing  due t o  the  o r b i t  shown by Sec.  A ' -A ' ,  Fig.  5 .
The c a l i p e r s  p roceed ing  from [IOIO] to  [1120] a re  expec ted  to  come from 
S im i la r  o r b i t s  c e n t e r e d  on L, o c c u r r in g  between the  Sec.  A '-A'  and the  
Sec.  C '-C '  as  the  f i e l d  i s  r o t a t e d  in the  b a sa l  p l a n e .  Again the  i n t e r ­
p r e t a t i o n  i s  s t r e n g th e n e d  by n o t in g  t h a t  the  r a t i o  o f  the  [ 1010] c a l i p e r  
t o  the  C l l 20] c a l i p e r  in column (2 ) i s  . 85 , i . e . ,  o f  th e  o r d e r  of cos 
3O0 . The broken l i n e s  in Fig. 3 o u t l i n e  th e  f r e e  e l e c t r o n  c a l i p e r  
expec ted  f o r  those  o r b i t s  and a r e  seen t o  be in good agreement w i th  the  
ex p e r im en ta l  p o i n t s .
The c a l i p e r s  in  column (3 ) ,  Table i a r e  a s s ig n e d  to  a c u t  such as  
B1 —B1 and a r e  seen t o  be in agreement w i th  Soven. I t  i s  expec ted  t h a t  
t h i s  o r b i t  should  become u n s t a b l e  a s  the  magnet ic  f i e l d  is  r o t a t e d  from
12
[ 1120] toward [ 1010] ,  and the  p r e s e n t  r e s u l t s  i n d i c a t e  t h a t  the o r b i t  
indeed does d i s ap p e a r  around 15°  from the  [ 1120] d i r e c t i o n .
The c a l i p e r s  in column (If) a r e  a s s ig n ed  t o  n o n - c e n t r a l  crown o r b i t s  
s i m i l a r  to  D-D which w i l l  be d is cu s sed  in the  s e c t i o n  d e a l i n g  with
A
r e s u l t s  f o r  q p a r a l l e l  t o  the  [1120] a x i s .  I t  i s  i n t e r e s t i n g  t o  note  
t h a t  these  o r b i t s  dominate the a t t e n u a t i o n  e f f e c t s  in d i r e c t i o n s  6°  t o  
12°  from [ 1120] ,  wh i le  becoming very  weak as  the  magnet ic  f i e l d  was made 
p a r a l l e l  t o  the  [ 1120] a x i s .
The ass ignment  of  column (5) could  be made to  the  f i f t h  band which
c o n s i s t s  o f  smal l  pockets  of e l e c t r o n s  approx im a te ly  in the  shape o f  an 
e l l i p s o i d  o f  r e v o l u t i o n  c e n te re d  on H and e lo n g a ted  a long  HK. While the  
o r b i t s  involved in c a l i p e r i n g  the  f i f t h  band w i th  the  magnet ic  f i e l d  in 
the  b a sa l  p lane  a re  s t a t i o n a r y  on ly  over a smal l  p o r t i o n  o f  the  p o ck e t ,
A  A
th e  c o n d i t i o n  of  q • v sm a l l ,  which leads  to  l a rg e  a t t e n u a t i o n  e f f e c t s ,
is  f u l f i l l e d  over most o f  the  s u r f a c e .  Another e q u a l l y  reasonab le
ass ignment  would be the  smal l  pockets  o f  t h i r d  band ho le s  c en te re d  on M. 
These s u r f a c e s  would produce s t a t i o n a r y  o r b i t s  w i th  the  magnetic f i e l d  
in the  basa l  p la n e ,  but should  have a l a rge  c u r v a tu r e  in the  d i r e c t i o n
A
of  q. The p e r io d s  co r re sp o n d in g  t o  column (5) were de termined from no 
more than t h r e e  o s c i l l a t i o n s ,  g iv ing  r i s e  t o  the  l a rg e  u n c e r t a i n t i e s  
r e p o r t e d ,  and t h e r e f o r e  th e  va lues  o f  the  c a l i p e r s  cannot  be used t o  
d i f f e r e n t i a t e  between th e  p o s s i b l e  ass ignm en ts .
A
The h ig h e s t  co n ven ien t  working f requency  f o r  q p a r a l l e l  t o  [1010] 
was 106 Mc/sec,  w i th  two echoes v i s i b l e  over  most o f  th e  range o f
A
magnet ic  f i e l d s  s t u d i e d .  As in the  case  w i th  q p a r a l l e l  t o  [0001] ,  
harmonic c o n te n t  in h igh f i e l d  d a ta  was q u i t e  l a r g e ,  b u t  could  be ana­
lyzed s a t i s f a c t o r i l y  by th e  methods d i s c u s s e d  in the  d a t a  e v a l u a t i o n  
s e c t i o n .
12a
TABLE IU  C a l ip e r  v a lu e s  fo r  q  In  th e  [  10101 d i r e c t i o n .  The m agnetic  f i e l d  was r o t a t e d  
In th e  (1010) p la n e .  E r ro r  l i m i t s  p r e s e n te d  r e f e r  o n ly  t o  u n c e r t a i n t i e s  In th e  d e t e r m i n a t i o n  
o f  th e  p e r io d s .
A ngular  D ire c t io n  
o f  C a ll  pe r
( 1) (2 )







0oc* 1 .75  *  -02b •57 ± -02 1.95 ±  *02 .7 7 ±  . 02°
85° 1.78 ± .0 2 c 2 .0 7  ±  . 02 .3 5 ±  . o s d
80° 1 .89  ± .0 2 •55 ± .02 2 .3 8  ±  . 02c
75° 1 .9 2  ± . 02b •53 ± - 02a
70° 1.91 ± -02 b .5 6  ± - 02a 2 .2 2 ± , 02d
65° 1 .75 * - °2 b •55 ± - 02a .11 ±  .0 2
60° l . h l  ± - 02b •57 ± .0 2 a .11 ±  .0 2
5 5° 1 .08 ± . 02b •53 * -02 .09 ±  .0 2
50° .8 5  ± . 02° .1*7 ± .0 2 .11 ±  .0 2
1+5° .7 6  ± . 02° .8 6  ± .0 2 .11 ±  .0 2
L0° .7 0  ± .0 2 b .80  ± . 02a .09 ±  .0 2
35° . 66 ± . 02b • 73 ± - °2 a .0 8 ±  .0 2
30° . i& i ± - 02b . 72 ±  • 02a .08 ± .01
23° .5 8  ±  - 02b .69  ± . 02a .08 ± .01
20° .5 8  ± . 02b .68  ± . 02a .08 ± .01
15° .5 6  ± . 02b .6 7  ± . 02a .08 ± .01
10° -53  ± -02b .6 5  ± . 02° .08 ± .01
5 ° •53 ± -02C .08 ± .01
0°  = [ o o o i ] • 52  ± . 02c .08 ±  .01
- 5 ° • 5 2  ± *02C .09 ±  .01
a O s c i l l a t i o n s co rre sp o n d !  ng t o  t h i s  c a l i p e r a r e  dominant a t low m agnetic  f i e l d s .
b O s c i l l a t i o n s c o r r e sp o n d in g  to  t h i s  c a l i p e r a r e  dominant a t h igh  m agnet ic  f i e l d s .
c O s c i l l a t i o n s  
s t u d i e d .
c o r r e sp o n d in g  t o  t h i s  c a l i p e r a r e  dominant ov e r  the  range o f  m ag ne t ic  f i e l d s
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A
• Assigned To Third Band Holes 
a Assigned To Fourth Band Electrons 
■ Unassigned
The c a l i p e r  va lues  f o r  q p a r a l l e l  t o  [ l o l o ]  and the  magnetic f i e l d
in the  (1010) p lane  a r e  p r e s e n te d  in Table I I ,  and d i sp la y ed  in p o l a r
form in Fig. 6.  The f i r s t  column in Table II r e p o r t s  c a l i p e r s  t h a t  a r e
i n t e r p r e t e d  as  due t o  o r b i t s  around t h i r d  band crown, and f u r t h e r  i t  was
seen t h a t  the  crown o r b i t s  produced the  l a r g e s t  e f f e c t s  in the  magneto-
a c o u s t i c  a t t e n u a t i o n .  A p l o t  of  the  d a ta  in column ( l )  a long w i th  the
n e a r l y - f r e e  e l e c t r o n  s u r f a c e  is  shown in Fig. 7 . The [1120] c a l i p e r  o f  
8 “ 11.75 X 10 cm i s  seen t o  be approx im a te ly  3 ° / 0 s m a l l e r  than i s  expec ted  
from th e o ry ,  and w i l l  be d i s c u s s e d  in the  fo l low ing  s e c t i o n .
I t  i s  tempt ing  to  i n t e r p r e t  the  c a l i p e r s  in column ( l )  observed 
between app rox im a te ly  10° and 20° from the  [1120] d i r e c t i o n  as  due to  
a r e a l  bulge in the  AHKr s e c t i o n  o f  the  p r i n c i p a l  t h i r d  band ho le  s u r f a c e .  
However, by comparing the  a r e a  o f  t h i s  h y p o th e t i c a l  s e c t i o n  to  t h a t  
p r e d i c t e d  by Soven and observed  by P r i e s t l e y ,  i t  i s  found to  be a p p r o x i ­
mate ly  l 7 ° / o  t 0 °  l a r g e .  A more re a so n a b le  assumption would be t o  
a t t r i b u t e  the  l a rg e  c a l i p e r s  observed  over t h i s  narrow range of  a n g les  
t o  t h e  bumps o c c u r r in g  on the  top edge o f  the  crown as  shown in Fig.  *+.
The ass ignment  i s  s t r e n g th en e d  by n o t in g  t h a t  the  c u r v a t u r e  of t h e  o r b i t  
in th e  reg ion  o f  the  bumps i s  s m a l l e r  than the  c u r v a t u r e  of  the  o r b i t  
as i t  passes  through the AHKr p la n e .  The r e s u l t  would be a l a rg e  
c o n t r i b u t i o n  t o  the  a t t e n u a t i o n  due t o  t h a t  p o r t i o n  o f  the  o r b i t  in the  
r eg ion  o f  the  bumps.
The [0001] c a l i p e r  f o r  th e  crown i s  measured from a simple o r b i t  
such as G-G, Fig .  4 ,  and i t s  magni tude i s  in good agreement w i th  th eo ry  
and o t h e r  exper im en ts .
Column (2 ) i s  t e n t a t i v e l y  a s s ig n e d  to  the  smal l  pocket of t h i r d  
band h o le s ,  c e n t e r e d  on M. This s u r f a c e  appears  t o  be deformed from the
f r e e  e l e c t r o n  p i c t u r e ,  and was observed  only f o r  q in the  C1010] d i r e c -
" 8 -1  
t i o n .  The exp e r im en ta l  [1120] c a l i p e r  o f  *57 X 10 cm is  in f a i r
8 -1agreement w i th  Soven 's  p r e d i c t i o n  o f  .60 X 10 cm .
Column (3 ) i s  a s s ig n e d  t-o a ^ n o n - c e n t r a l  s e t  of  o r b i t s  on th e  crown 
probab ly  o f  the  type B-B. This exper iment  i n d i c a t e s  t h a t  the  o r b i t s  
become u n s t a b l e  as  the  magnet ic  f i e l d  i s  t i l t e d  toward [ 1120] ,  and no 
c a l i p e r  fo r  t h i s  type o f  o r b i t  is  seen  f o r  the  f i e l d  a long  the  [ 1120] 
a x i s .
The ass ignment  o f  column (k ) ,  Table  I I ,  t o  a p a r t i c u l a r  p o r t i o n  of 
the  Fermi s u r f a c e  is  q u i t e  d i f f i c u l t  i f  the p r e d i c t i o n s  of e i t h e r  Soven 
o r  th e  f r e e  e l e c t r o n  th e o ry  a r e  v a l i d  f o r  reg io n s  near  the  c o rn e r  o f  
t h e  zone.  The c a l c u l a t i o n s  of Soven show t h a t  th e  f o u r t h  band i s  . 
c e r t a i n l y  deformed from the  n e a r l y - f r e e  e l e c t r o n  p r e d i c t i o n s  around H, 
and i t s  shape s t i l l  unknown from exper iment .  I t  i s  thus  tempting  to  
a s s i g n  the  d a ta  o f  column (4) to  ho le  o r b i t s  i n s i d e  the  f o u r th  band 
s i m i l a r  to  D ' -D ' .  A f i rm  ass ignment o f  these  p o i n t s  a w a i t s  f u r t h e r  
exper iment .
The c a l i p e r s  in column (5 ) ,  e x c e p t  fo r  the  3 f i r s t  e n t r i e s ,  may
be a ss igned  e n t i r e l y  t o  the  f i f t h  band, i n d i c a t i n g  le s s  e lo n g a t io n  than
expec ted  t h e o r e t i c a l l y .  An e q u a l l y  rea sonab le  ass ignment would be to  
a t t r i b u t e  the  c a l i p e r s  in the  [ 0001]  and nearby d i r e c t i o n s  t o  th e  smal l  
pocket of  t h i r d  band ho les  c e n te re d  on M, whi le  l eav ing  the  remain ing 
c a l i p e r s  as due to  the  f i f t h  band. A d d i t io n a l  d a ta  would be n eces sa ry  t o  
conf i rm e i t h e r  ass ignment .
A
With q p a r a l l e l  t o  th e  [1120] a x i s ,  the  a t t e n u a t i o n  was found to  be
much l a r g e r  than  f o r  th e  o th e r  two d i r e c t i o n s ,  th u s  l i m i t i n g  the  f requency
t o  75 Mc/sec,  and only one s t ro n g  echo  could be seen  over th e  range of
14a
TABLE I I I .  C a l ip e r  v a lu e s  f o r  q In th e  [1 1 2 0 ]  d i r e c t i o n .  The m a g n e t ic  f i e l d  was 
ro t a t e d  In t h e  (1120) p la n e .  E r ro r  l i m i t s  p r e s e n t e d  r e f e r  o n ly  to  u n c e r t a i n t i e s  in  th e  
d e te r m in a t io n  o f  th e  p e r io d s .
Angular D i r e c t i o n  
o f  C a l ip e r
( 1)
k0 X 10' 8 cm" 1 
(2) (3) (*) (5)
900 s  [ i o i o ] 1-37 ±  - 02° 2 .1 5  ±  . 05d 1 .59  ±  -0 2
85° I .5 6  ±  . 02C 1.71 ±  -0 2
80° 1.1+5 ± .0 2 b 1 .69  ±  .0 2 1 .88  ±  . 02*
75° l .<+3 ±  . 02° 1 .8 2  ±  .0 2
70° 1.<+1 ±  . 02C 1 .79  ±  -02
65° l .<+2 ±  . 02C I .8 3  ±  .0 3 •5 7  ± -0 2
60° l.l+l ± . 02C .5 6  ±  .0 2
55° 1.13 ± • 02° .5 6  ±  >02
50° .9 6  ±  . 02° .5 8  ±  .0 2
t,5° . 8<+ ±  . 02° •5 7  ±  *02
<40° • 75 ±  ■ 02 •59 ±  .0 2
35° .63  ±  . 02C •77 ±  -0 2 .6 3  ±  . 02®
30° .56  ±  . 02a .83  ±  . 02b
25° •59 ±  -03a .83 ±  . 02b
20° •53 ±  -02 • 75 ±  .0 2 °
15° • 53 ±  • 02 .7 k  ±  . 02°
10° •52 ±  -02 .71 ± .0 2 °
5° .51 ±  -02 .71 ±  . 02°
O O III 1—
1
O O O MW U-
l
.6 7  ± .0 2 .8 2  ±  -0 2
a O s c i l l a t i o n s c o r r e sp o n d in g  t o  t h i s  c a l i p e r  a r e  dominant a t  low m ag n e t ic  f i e l d s .
b O s c i l l a t i o n s c o r r e sp o n d in g  t o  t h i s  c a l i p e r  a r e  dominant a t  high m ag n e t ic  f i e l d s .
c O s c i l l a t i o n s  
1 n v e s t i  ga te d
c o r re sp o n d in g  t o  t h i s  c a l i p e r  a r e  dominant over  the ran ge  o f  m agne t ic  f i e l d s
d This c a l i p e r  no t a s s ig n e d  w i th  o th e r  c a l i p e r s  In t h i s  column.
e  This c a l i p e r can  be a s s ig n e d  t o  both  columns ( 1) and (<+)
14b
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f i e l d s  s t u d i e d .  Even a t  t h i s  lower f requency ,  the  o s c i l l a t i o n s  seen  
were s u f f i c i e n t  in number t o  a l lo w  a c c u ra t e  i d e n t i f i c a t i o n  o f  the  
p e r io d s .
*
The d a t a  f o r  q a lo n g  [ l l 2 0 ]  i s  p re sen te d  in  Table I I I  and i s  
p l o t t e d  in  p o l a r  form in Fig. 8 . The c a l i p e r s  en te red  in column (1) 
a r e  a s s ig n e d  t o  the  crown, and t h e  o r b i t s  t r a v e r s e d  shou ld  co rre spond  
t o  c e n t r a l  o r b i t s .  These c a l i p e r s  a r e  in r e a so n a b le  agreement w i th  
th e  f r e e  e l e c t r o n  th e o ry  as  may be seen in F ig .  9.  The c a l i p e r  measured 
in the  [ 1010] d i r e c t i o n  shows a l a r g e  d e v i a t i o n  from bo th  t h e  f r e e  
e l e c t r o n  Fermi s u r f a c e  and t h a t  p r e d i c t e d  by Soven, the  d isagreem ent  
w i th  the  l a t t e r  being ap p ro x im a te ly  5° / 0*
Another unusual o b s e r v a t io n  in  connec t ion  with  the  anomalous [1010] 
c a l i p e r  i s  t h e  beh av io r  o f  the  d a t a  as  the  magnet ic  f i e l d  i s  brought  
i n t o  a l ignm en t  with th e  c - a x i s .  The data  f o r  the  magnet ic  f i e l d  5 °  
from the  [ 0001] d i r e c t i o n  shows a s t ro n g  s e t  o f  o s c i l l a t i o n s  t h a t  have 
been a s s ig n e d  t o  e i t h e r  the  crown o r  the  f o u r t h  band, and th e se  o s c i l ­
l a t i o n s  c o n t in u e  to  be s t ro n g  u n t i l  the  m agnet ic  f i e l d  i s  w i th in  1°  o f  
t h e  symmetry d i r e c t i o n .  As the  f i e l d  is  a l i g n e d  e x a c t l y  a long  the  
[ 0001] a x i s ,  the  s t r o n g  s e t  o f  o s c i l l a t i o n s  d i s a p p e a r ,  and in f a c t ,  a t  
75 Me almost"  no" o s c i 1 1 a t o r y  e f f e c t  i s  seen u n t i l  the  f i e l d  reaches 
600 gauss .  At t h i s  p o i n t  one o s c i l l a t i o n  o f  sm al l  am p l i tude  ap p ea rs ,  
fo llowed by a s e r i e s  o f  o s c i l l a t i o n s ,  the  f i r s t  o f  which i s  very  l a r g e  
in am pl i tude  a lmost  a s  i f  an a b s o r p t i o n  edge had been reached .  The 
d a ta  fo r  45 Me was a l s o  examined f o r  t h i s  d i r e c t i o n ,  and a s i m i l a r ,  
a l though  l e s s  pronounced, e f f e c t  occur red  a t  a lmos t  the  same va lue  of 
th e  sound wave f requency  d iv ided  by the m agnet ic  f i e l d .  For both 
f r e q u e n c i e s ,  the  p e r io d  de te rm ined  from the  h igh  f i e l d  o s c i l l a t i o n s
16
8 — 1p r e s e n t  corresponded t o  t h e  r e p o r te d  c a l i p e r  o f  1 .37 X 10 cm .
A complete  e x p la n a t io n  o f  t h i s  anomalous r e s u l t  cannot  be advanced 
a t  th e  p r e s e n t  t ime,  n o n e th e l e s s ,  t h e r e  a r e  p o i n t s  of i n t e r e s t  which 
may be d i s c u s s e d .  When th e  f i e l d  is  e x a c t l y  in the  c - d i r e c t i o n ,  the 
c e n t r a l  o r b i t s  E-E and D'-D' a r e  in c o n t a c t  as  they  pass th ro u g h  the 
s i x  p o i n t s  of  degeneracy in the AHL p la n e .  Th e re fo re ,  an e l e c t r o n  
o r i g i n a l l y  on one o f  the  o r b i t s  is  a b l e  t o  pass  t o  the  o t h e r  with  a 
f i n i t e  p r o b a b i l i t y  du r ing  th e  course  o f  i t s  l i f e t i m e .  The q u e s t i o n  then  
a r i s e s  a r e  th e  s e p a r a t e  o r b i t s  a b le  t o  e x i s t  in a coherent manner,  and 
a r e  t h e  e l e c t r o n s  on th e se  o r b i t s  a b l e  t o  p a r t i c i p a t e  s t r o n g l y  in the 
a t t e n u a t i o n .
In the  p r e s e n t  exper iment  n e i t h e r  th e  [ 1120] or the  [ lO lO ]  c a l i p e r  
p r e d i c t e d  from Soven 's  c a l c u l a t i o n s  c o r re sp o n d in g  to  the c e n t r a l  o r b i t  
E-E is  observed) however, in both cases  a s e t  o f  weak o s c i l l a t i o n s  a r e  
seen which lead t o  sm a l le r  c a l i p e r s  than  those  expec ted .  T h i s  may be 
i n t e r p r e t e d  as  ev idence  t h a t  the  o r b i t s  in the  AHL plane do n o t  par­
t i c i p a t e  s t r o n g l y  in the  a t t e n u a t i o n ,  and t h a t  the  observed e f f e c t s  a r e  
due t o  e i t h e r  o r b i t s  s l i g h t l y  d i s p l a c e d  from th e  AHL plane  o r  even o r b i t s  
such as  F-F which a re  s h i f t e d  f a r  o f f  the  AHL p lan e .  The f a c t  tha t  
e l e c t r o n s  on the  c e n t r a l  E-E type o f  o r b i t  would have an a p p r e c i a b l e  
component of  v e l o c i t y  in the  d i r e c t i o n  o f  the  magnet ic  f i e l d  in the 
r eg io n  where the  o r b i t  p a s se s  through the  AL l i n e  would s t r e n g t h e n  the 
assumption t h a t  the  most s t a b l e  o r b i t  i s  p robab ly  s h i f t e d  away from the  
AHL p lane .
Should the  f i e l d  be t i l t e d  away from the  c - d i r e c t i o n ,  t h e  c e n t r a l  
o r b i t s  would a g a in  become s imple  o r b i t s .
The p r e s e n t  c a l i p e r s  o b ta in e d  f o r  th e  crown c e n t r a l  o r b i t  w i th  the
f i e l d ,  o f f  the  c - a x i s  e x t r a p o l a t e  to  a [1010] c a l i p e r  of  the  crown of
8 “ 1approx im a te ly  1 .47  X 10 cm which i s  in  b e t t e r  agreement w i th  the  
r e s u l t s  o f  both  Soven and EKP; the  l a t t e r  r e p o r t s  c a l i p e r s  which could  
be produced by a s t a b l e  c e n t r a l  crown o r b i t  f o r  the  f i e l d  a long  [0001].
With the  magnet ic  f i e l d  in the [IOIO] d i r e c t i o n ,  o s c i l l a t i o n s  c o r ­
responding  to  the  [0001] c a l i p e r  of  the  crown a r e  not s u f f i c i e n t l y  wel l
re so lv ed  to  be ana lyzed .  However, the  c a l i p e r s  f o r  d i r e c t i o n s  s l i g h t l y
8 "1d i f f e r e n t  from [0001] e x t r a p o l a t e  to  a c a l i p e r  o f  .50  X 10 cm f o r  th e
crown a long Ar which agrees  w e l l  w i th  th e  va lue  in Table II and w i th
8 "1th e  t h e o r e t i c a l  p r e d i c t i o n  o f  Soven o f  .49  X 10 cm .
Column (2 ) i s  a ss igned  t o  a s e t  of n o n - c e n t r a l  o r b i t s  on the  t h i r d  
band crown, p o s s i b l y  the same type of o r b i t  f o r  which the  c a l i p e r s  a r e  
r e p o r t e d  in column (4) of  Table  I. In both  cases  t h e se  o r b i t s  appear  
as  the  magnetic  f i e l d  is  b rough t  toward th e  [ 1010] d i r e c t i o n ,  bu t  a r e  a l s o  
s t r o n g l y  d imin ished  as the  f i e l d  is  made p a r a l l e l  t o  [1010] .  The c a l i p e r
A
is  no t  seen a t  a l l  w ith  q p a r a l l e l  t o  [ 0001] ,  p robab ly  because  the  
o s c i l l a t i o n s  a r e  much weaker than the  o t h e r  two observed ,  and t h a t  is  
p robab jy  due to  the  f a c t  t h a t  the  co r re spond ing  o r b i t  p a sse s  near  the  
degeneracy  p o i n t s  -in the d i r e c t i o n  be ing  c a l i p e r e d .
The f i r s t  e n t r y  in column (3 ) is  approx im a te ly  equal t o  the  zone 
dimension in t h e  [ 1010] d i r e c t i o n  and i s  p robably  due t o  ex tended  o r b i t s  
on th e  f o u r th  band hexagonal network which occur when t h e r e  is  a s l i g h t ,  
misa lignment o f  the  sample. O s c i l l a t i o n s  f o r  t h i s  p e r io d  were seen a t  
magnet ic  f i e l d s  up t o  5000 gauss  a t  which p o in t  the  a t t e n u a t i o n  became 
too  la rg e  to  ex tend* the  measurements to  h igher  f i e l d s .  The remaining 
e n t r i e s  in column (3 ) may be a s s ig n ed  t o  n o n - c e n t r a l  c a l i p e r s  o f  the  crown.
Column (4) i s  a s s ig n e d  t o  the  f o u r t h  band e l e c t r o n  s u r f a c e  in the  
fo l lo w in g  manner. The f i r s t  e n t r i e s  would be caused  by ho le  o r b i t s  
i n s id e  the  f o u r t h  band, D '-D1 f o r  example,  and the  c a l i p e r s  o b ta in e d  
between 25°  and 55°  could  be i n t e r p r e t e d  as  due t o  e l e c t r o n  o r b i t s  o f  
th e  type  E ' - E '  around the  f o u r t h  band s u r f a c e  p la n es  p a s s in g  through 
HL. In s t r o n g  su p p o r t  of t h i s  a ss ignment  is  the  matching o f  the  two 
groups o f  d a ta  p o i n t s  when reduced to  a p o l a r  p l o t  c e n t e r e d  on L in the  
ALMr p lane  shown in Fig.  1 0 . Even though the  o r b i t  E ' -E '  appea rs  t o  be 
s t r o n g l y  d i s t o r t e d ,  i t  i s  a b l e  t o  c o n t r i b u t e  to  the  a t t e n u a t i o n  over  the  
range of  a n g le s  r e p o r te d  s i n c e  the  c a l i p e r e d  p o r t i o n  of  th e  o r b i t ,  t h a t  
p o r t i o n  where the  o r b i t  p a sse s  through the  ALMr p la n e ,  s a t i s f i e s  the
a ^
c o n d i t i o n  t h a t  q • v be sm a l l .  The f a c t  t h a t  the  c a l i p e r s  f i r s t  appear
a t  25° from the  [1120] a x i s  i s  somewhat s u r p r i s i n g ,  a l th o u g h  the  E ' - E 1
type of  o r b i t  can e x i s t  even a t  t h i s  smal l  a n g le .
8 - IThe [0001] c a l i p e r  o f  .8 2  X 10 cm most p robab ly  comes from the
C ' - C 1 o r b i t ,  even so ,  a E ' -E '  type o f  o r b i t  is  no t  exc luded .  In e i t h e r
case  i t  would de term ine  the  [0001] c a l i p e r  a t  L o f  the  f o u r t h  band where
20i t  ag rees  w e l l  w i th  Soven 's  p r e d i c t i o n .
The e n t r i e s  in column (5) could a r i s e  from the  D'-D1 h o le  type  
o r b i t s  produced on th e  f o u r t h  band network. They would co r re sp o n d  t o  a 
n o n - c e n t r a l  c a l i p e r  a p p ro x im a te ly  complementary to  the  B ' -B '  s e c t i o n .
B. Open O rb i t s
Open o r b i t s  in t h a l l i u m  meta l  were f i  rs t^ .observed by Alekseevsk i  i 
and Gaidukov in the  t r a n s v e r s e  m a g n e to re s i s t a n c e  w i th  the  magnet ic  f i e l d  
in  the  b a s a l  p l a n e .  Mackintosh et, a_l. found the  open o r b i t s  and e x p la in ed  
them in terms of magnet ic  breakdown c o n s i s t e n t  w i th  the  f r e e  e l e c t r o n
model.  Rayne r e p o r te d  open o r b i t s  in th e  c - d i r e c t i o n  which a l s o  agreed  
w i th  the  f r e e  e l e c t r o n  model. More r e c e n t l y  EKP have observed open o r b i t  
resonances  due t o  open o r b i t s  a lo n g  AL but have f a i l e d  t o  see  any i n d i ­
c a t i o n  of the  open o r b i t s  in the  c - d i r e c t i o n .  A s ea rc h  f o r  open o r b i t  
resonances  was c a r r i e d  out d u r ing  the  p r e s e n t  exper im ent w i th  p a r t i c u l a r  
i n t e r e s t  in i n v e s t i g a t i n g  th e  c o n n e c t i v i t y  o f  the  f o u r t h  band in the  
[ 0001] d i r e c t i o n .
The c - a x i s  open o r b i t  resonance  should occur f o r  e i t h e r  of  th e  two
A A  A
c o n f i g u r a t i o n s  H p a r a l l e l  t o  [1120] ,  q p a r a l l e l  t o  [1010] o r  H p a r a l l e l
A
t o  [1010] ,  q p a r a l l e l  t o  [1120] .  In t h i s  exper iment  both geometr ies  
were s tu d i e d  and no ev idence  of  open o r b i t  resonances  o f  the  type  seen
i
by Gavenda in cadmium was seen.  This is  in agreement w i th  t h e  p r e d i c ­
t i o n s  o f  Soven and the  o b s e r v a t io n s  o f  EKP.
_  a
For the  magnetic f i e l d  a long  [1120] and q a long  [0001] ,  EKP 
re p o r te d  open o r b i t  resonances  co r re sp o n d in g  t o  th e  open o r b i t  p a r a l l e l  
t o  the  l i n e  AL a long  which the  t h i r d  and f o u r t h  bands a r e  d e g e n e ra te .  
Evidence of t h i s  resonance  was seen in t h i s  exper im ent ,  bu t  as  the
c r y s t a l  used was f a i r l y  t h i c k ,  the  a t t e n u a t i o n  was too  high to  s tudy
the  a c t u a l  l i n e  shape f o r  the  magnet ic  f i e l d s  a t  which the  proposed 
resonances  were observed .  Thus no c o n c lu s iv e  ev idence  o f  th e  open 
o r b i t  may be r e p o r t e d .
A s i m i l a r  sea rch  f o r  open o r b i t s  p a r a l l e l  t o  [1120] o f  the  type  
d i s c u s s e d  by Mackintosh y i e ld e d  n e g a t iv e  r e s u l t s ,  p robably  due t o  the  
f a c t  t h a t  our o b s e r v a t i o n s  were r e s t r i c t e d  t o  magnet ic  f i e l d s  w e l l  
below those  r e q u i r e d  f o r  b reakdown.’
A
For the  geometry q p a r a l l e l  t o  [1120] and the  magnet ic  f i e l d  
p a r a l l e l  t o  the  [ 0001] ax:i;s, ex tended o r b i t s  were observed which a r e
■ ' '  20
p r e s e n t  on the  f o u r th  band network whenever th e  magnet ic  f i e l d  is  s l i g h t l y
8 "1m is a l ig n ed .  The r e p o r t e d  c a l i p e r  o f  2 .15  X 10 cm i s  com pat ib le  w i th  
t h i s  i n t e r p r e t a t i o n .
V. CONCLUSIONS
The r e s u l t s  of th e  p r e s e n t  exper iment  a r e  in a c c e p t a b l e  agreement  
w i th  the  r e l a t i v i s t i c  band c a l c u l a t i o n  performed by Soven. C a l ip e r s  
c o r re sp o n d in g  to  both c e n t r a l  and n o n - c e n t r a l  o r b i t s  on t h e  p r i n c i p a l  
s e c t i o n  of  the  t h i r d  band hole  s u r f a c e  were observed , and f o r  c e r t a i n  
o r i e n t a t i o n s  the  n o n - c e n t r a l  o r b i t s  appeared t o  c o n t r i b u t e  more s t r o n g l y  
t o  the  magnetoacous t ic  a t t e n u a t i o n  than the  c e n t r a l  o r b i t s .  P o s s i b l e  
e f f e c t s  due to  the  degeneracy  o f  the  t h i r d  and f o u r th  bands a long the  
l i n e  AL were seen f o r  the  magnet ic  f i e l d  in bo th  the [1120] and th e  
[0001] d i r e c t i o n .  A s e t  o f  weak o s c i l l a t i o n s  r e p o r t e d  in column (2 ) ,
Table I I ,  have been t e n t a t i v e l y  a s s ig n ed  t o  t h e  small s e c t i o n  o f  t h i r d  
band h o le s .
Both e l e c t r o n - 1ike  and h o l e - l i k e  o r b i t s  on the  f o u r t h  band e l e c t r o n  
s u r f a c e  a r e  r e p o r te d  and the  a s s o c i a t e d  c a l i p e r s  a re  c o n s i s t e n t  w i th  
Soven 's  model. The shape of  the  f o u r t h  band near  the  c o r n e r  o f  the  
zone is  s t i l l  in q u e s t i o n  as is  ev idenced by the  [ 1120] d i r e c t i o n  d a ta  
r e p o r t e d  in Table I I .  Extended o r b i t s  w i th  the  magnet ic  f i e l d  near  the  
c - d i r e c t i o n  were observed  and a t t r i b u t e d  t o  t h e  f o u r t h  band. No con­
c l u s i v e  ev idence  conce rn ing  the  c o n n e c t i v i t y  o f  the  f o u r t h  band s u r f a c e  
in the  c - d i r e c t i o n  was o b ta in e d ,  a l though  the  absence o f  open o r b i t  
resonances  in the  d a ta  s u g g es t s  the  s u r f a c e  i s  no t connec ted .
Fur ther  exper iments  a r e  in p ro g res s  in t h i s  l a b o r a t o r y  i n v e s t i g a ­
t i n g  the  Fermi s u r f a c e  of  t h a l l i u m ,  i n c lu d in g  the  s tudy  o f  the  t r a n s p o r t  
e f f e c t s  and c y c l o t r o n  re sonance ,  the  r e s u l t s  of  the  l a t t e r  t e n t a t i v e l y  
conf i rm ing  the  e x i s t e n c e  of  s t a t i o n a r y  n o n - c e n t r a l  crown o r b i t s .
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APPENDIX I
CALCULATION OF THE ATTENUATION OF SOUND WAVES IN METALS 
A. A t t e n u a t io n  i n  the  Absence of  a Magnetic  F ie ld
17In the  fo l low ing  problem, the  method of P ippard  ' t o  de termine  th e  
a t t e n u a t i o n  o f  a sound wave due t o  i n t e r a c t i o n s  w i th  conduct ion  
e l e c t r o n s  w i l l  be s t u d i e d  and expanded upon when c l a r i t y  demands. The 
p r e s e n t a t i o n  w i l l  h o p e f u l l y  be s im p le  enough t o  a l low  e a s e  in read ing ,  
b u t  the  bulk  o f  the a l g e b r a i c  m an ipu la t ions  w i l l  be l e f t  t o  the  r e a d e r .  
Emphasis w i l l  be placed on the p h y s i c a l  p r o c e sse s  involved r a t h e r  than  
t h e  handling o f  the r a t h e r  cumbersome mathemat ica l  e x p re s s io n s  which
r  f
\
w i l l  a r i s e .  R esu l t s  w i l l  a l s o  be t a k e n  from t h e  d o c to r a l  d i s s e r t a t i o n
21o f  Raoul B. Wei l ,  U n i v e r s i t y  o f  C a l i f o r n i a ,  R iv e r s id e ,  C a l i f o r n i a ,  
s i n c e  he has p re v io u s ly  c l a r i f i e d  some of the  i n i t i a l  a rguments  of 
P ippa rd .  The c o o r d in a te  system used  i s  shown in Fig. 11.
The b a s i s  f o r  the c a l c u l a t i o n  o f  u l t r a s o n i c  a t t e n u a t i o n  in a m eta l  
in  the  absence  of  e x t e r n a l  magnetic f i e l d s  may be o u t l i n e d  a s  fo l lo w s .  
Assume t h a t  t h e  sonic f r e q u e n c i e s  a r e  low enough (f  < lKMc) so t h a t  th e  
e l e c t r o n s  a r e  a b le  to  f o l l o w  the m o t ion  of th e  l a t t i c e  i n s t a n t a n e o u s l y ,  
i . e . ,  t h a t  t h e  plasma f requency  is  g r e a t e r  than  the  f requency  of the  
sound wave, th e re b y  f o r b i d d i n g  space  charge  e f f e c t s .  A lso  under t h i s  
c o n d i t i o n  no t r a n s v e r s e  e l e c t r i c  c u r r e n t s  a r e  c r e a t e d .  These two 
assumptions  r e q u i r e  t h a t  t h e  e l e c t r o n i c  c u r r e n t  r e l a t i v e  t o  the  l a t t i c e  
m us t  vanish .
The method is now t o  analyze t h e  e f f e c t s  o f  the  sound wave on the  
e l e c t r o n s  by looking a t  t h e  r e s u l t i n g  defo rm at ions  of the  Fermi s u r f a c e ;
22a
th o se  which tend to  hold the  e l e c t r o n s  on the  e q u i l i b r i u m  s u r f a c e ,  which 
is  deformed t o  fo l low  the  io n ic  motion,  and those  which tend t o  cause  
the  e l e c t r o n s  t o  leave  the  s u r f a c e ,  th e re b y  r e l a x i n g  back to  th e  deformed 
e q u i l i b r i u m  s u r f a c e  and g iv in g  up energy .  The e f f e c t  of  the  e l e c t r i c  
f i e l d s  c r e a t e d  by the  l a t t i c e  a r e  c a l c u l a t e d  from the  assumption t h a t  
the  t o t a l  c u r r e n t  must be equal  t o  z e r o  s i n c e  the  e l e c t r o n s  a r e  a b l e  t o
fo l low  the  motion o f  the  l a t t i c e .  The c a l c u l a t e d  e l e c t r i c  f i e l d s ,  a long
w i th  the  d isp lacem en t  f o r c e s ,  a r e  then used t o  c a l c u l a t e  the  energy  
d i s s i p a t e d  by the  e l e c t r o n ,  which is  p r o p o r t i o n a l  t o  the  a t t e n u a t i o n  of  
the  sound wave.
I t  w i l l  be conven ien t  to  develop r e l a t i o n s  f o r  the  components of 
the  s t r a i n  t e n s o r  which w i l l  be u s e f u l  du r in g  the  fo l low ing  d i s c u s s i o n .
To do t h i s  one may proceed as  fo l lows:
Consider a sound wave propaga ted  in the  x d i r e c t i o n  w i th  wave 
v e c t o r  q^ = q and a n g u la r  v e l o c i t y  a). The p a r t i c l e  d i sp lacem en ts
w i l l  be o f  the  form
which d i f f e r s  from the  customary symmetric d e f i n i t i o n ,  but i s  more 
co n ven ien t  in the  a n a l y s i s  o f  t h i s  problem. Thus
?j = Sj exp [ - i  (qx -  u)t)] ( 1)
The components of the  s t r a i n  t e n s o r  a re  d e f in ed  as
(2 )
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The d i l a t i o n  0  is
0  = £  € , .  = - i q  g • (4)
|  I I A
I f  t h e  p a r t i c l e  v e l o c i t y  is  u and the  v e l o c i t y  o f  sound is  c g,
then
9?xU = -r—  = +io>§x o t  x
Uy = +i03gy j uz = +icu|z . (5)
A
Thus the  t e n s o r  e . . may be w r i t t e n  as  a v e c to r  and r e l a t e d  to  u by 
»J
A A
u = -  c s e (6 )
s in c e  c g = to/q.
Now c o n s id e r  the  e f f e c t  o f  s t a t i c  s t r a i n s  on the  Fermi s u r f a c e
from which the  e q u i l i b r i u m  p o s i t i o n  o f  the  s u r f a c e  due t o  de fo rm at ions
may be c a l c u l a t e d .  I f  the  s t r a i n  is  sm a l l ,  i t  may be assumed t h a t  the
de fo rm a t ion  of  the  Fermi s u r f a c e  i s  a l s o  smal l ,  and i s  p r o p o r t i o n a l  to
the  s t r a i n .  Thus i f  Ak i s  the  de fo rm at ion  o f  the  Fermi s u r f a c e  normaln
A
t o  the  s u r f a c e ,  a v e c to r  de form at ion  c o e f f i c i e n t  K may be d e f in e d  such 
t h a t
Ak = K • 'e • (7)n
K w i l l  be taken p o s i t i v e  f o r  s h i f t s  to  r eg io n s  of h ighe r  energy . By 
symmetry c o n s i d e r a t i o n s  i t  i s  expec ted  t h a t
K<k) = K(-k) . (8 )
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Higher symmetries may be found f o r  p a r t i c u l a r  l a t t i c e  s t r u c t u r e s ,  how­
e v e r ,  o n ly  the  in v e r s io n  symmetry requ irem ent  w i l l  be assumed.
An e q u a t i o n  o f  c o n t i n u i t y  may be w r i t t e n  f o r  the  c o n s e r v a t io n  o f  
th e  number of  occupied s t a t e s  in r e c i p r o c a l  space .  This may be done by 
r e a l i z i n g  t h a t  when a deformat ion  o c c u r s ,  the  number o f  s t a t e s  p a s s in g  
th rough the  s u r f a c e  must be equal  t o  th e  number o f  s t a t e s  co n ta in ed  in 
th e  volume in r e c i p r o c a l  space  given by
6Vr s  = -  ®Vrs  • (9)
Thus i f  p i s  the  d e n s i t y  o f  s t a t e s  a t  the  Fermi l e v e l  then
J*p(Akn) dS = p6Vrs  (10)
where i t  w i l l  be assumed f o r  t h i s  i n t e g r a l  and th o s e  to  fo l low  t h a t  
i n t e g r a t i o n  over  dS im pl ies  i n t e g r a t i o n  over  the  c lo se d  Fermi s u r f a c e .  
I f  p i s  c o n s t a n t
J(®Kx )dS + J©kx cos cp dS = 0 ( 11)
s in c e  6k = 0 = 6k , and 6k = -  e k '  = -  9k . Thusy z ’ x xx x x
J(Kx + kx cos cp ) dS = 0 , (12)
A
where cp is  shown in Fig. 11 and is  th e  ang le  between v and the  x 
a x i s .  The i n t e g r a l  J  dS = 0 s i n c e  t h e  c o r re sp o n d in g  component of
A
e, i . e . ,  e^x r e p r e s e n t s  a sh ea r  which cannot  be a s s o c i a t e d  w i th  a 
change in volume. The i n t e g r a l
J k  cos cp dS ( 13)
van ishe s  i d e n t i c a l l y -  Similarly fo r  t h e  z components. Hence
J ' ( K  + k cos c p )  dS = 0 . (14)
The energy  v a r i a t i o n  a long  the  Fermi su r face  i s  given by
6w = ( I t - )  Ak = hv K * e (15)'ok n n
and i f  the  s t r a i n  i s  p e r i o d i c  then de form at ions  o f  t h e  type ee ,c*x 
occur  in r e a l  space ,  c au s in g  6W on t h e  Fermi s u r f a c e  t o  be of  the  
form
6W = hv K '  e e . (16)
Thus the  e l e c t r o n  may be regarded  as  moving in a f o r c e  f i e l d  F
X
given  by
F^ =-iqhv K • e e ' c'x (17)
and i t  is F which m a in ta in s  the  e l e c t r o n s  in e q u i l i b r i u m  on th e  x
deformed Fermi s u r f a c e .  P ippard  s t a t e s  t h a t  F has i t s  o r ig i n  p a r t l y  
in e l e c t r o s t a t i c  f i e l d s  r e s u l t i n g  from a minute c h a r g e  imbalance and 
p a r t l y  from an i n t e r a c t i o n  between t h e  e l e c t r o n  and th e  non-uniformly  
s t r a i n e d  l a t t i c e .
There a r e  two e f f e c t s  p r e s e n t  o t h e r  than the  e l e c t r i c  f i e l d  due 
t o  the  l a t t i c e  which cause  the  e l e c t r o n  to  leave t h e  Fermi s u r f a c e  
d u r in g  the  passage  o f  the  sound wave. The f i r s t  i s  due to^ the  f a c t  
t h a t  d i f f e r e n t  p a r t s  of  t h e  l a t t i c e  a r e  in motion r e l a t i v e  t o  one 
a n o th e r  which causes  the  e l e c t r o n  t o  change i t s  momentum va lue  a s  i t  
moves through th e  l a t t i c e .  To c a l c u l a t e  the  e f f e c t  o f  th i s  i n t e r a c t i o n
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assume the  o b s e r v e r  i s  f ix e d  r e l a t i v e  to  a p o i n t  in the  l a t t i c e  which 
w i l l  be c a l l e d  th e  o r i g i n  f o r  convenience.  I f  the  l a t t i c e  were 
u n d i s t o r t e d  and e l e c t r o n  wave f r o n t  of v e c t o r  k. passed  through the  
o r i g i n ,  the  nex t  wave f r o n t  would be l o c a t e d  a t  a p o i n t  r j  in the  
d i r e c t i o n  of p ro p a g a t io n  of  t h e  e l e c t r o n  wave f r o n t ,  where r .  = 2r t / k . .
Now c o n s id e r  a l a t t i c e  d i s t o r t e d  by th e  sound wave. i f ,  a s  is  
assumed, the  e l e c t r o n  follows th e  motion o f  the  l a t t i c e  a d i a b a t i c a l l y  
th e reby  changing i t s  momentum, the  fo l lo w in g  r e l a t i o n  must be s a t i s f i e d  
f o r  the  wave f r o n t s
*  A A A
(k + 6k) • (r  + o r )  = 2n . ( 18)
Upon n e g l e c t i n g  second o rder  te rm s ,  i t  i s  found t h a t
A A  A A
6k • r = -  k ■ 6 r ( 19)
A  A
bu t  6r = e * r ,  hence
A A A  A A A  ^
. . 6k • r = - k ■ ("e • r) o r  6k = - k • e . (2 0 )
For the  sound wave propaga ted  only in th e  x d i r e c t i o n  we have seen
AA/
t h a t  e = e, thus  the  r e s u l t s  may be s i m p l i f i e d  to  y i e l d
A  A
6k = -  € • k , 6k = 0 = 6k . (21 )x ’ y z v '
A
The va lue  of  k may now be c a l c u l a t e d ,  and i f  second o rd e r  terms 
a r e  aga in  n e g lec te d
kx = - \  . k , 0 = kz . (22)
*  •
The f o r c e ,  f j ,  i s  r e l a t e d  t o  k by the u sua l  r e l a t i o n  Ilk = f^  so t h a t  the
e f f e c t s  on the  e l e c t r o n  may be rep laced  by a f i c t i t i o u s  f o r c e  in the
28
s t a t i o n a r y  l a t t i c e  a cc o rd in g  t o  th e  r e l a t i o n
A A A A
f j  = -  h |  • k = ihqu * k . (23)
The component o f  t h i s  f o r c e  in the  d i r e c t i o n  of  t h e  e l e c t r o n i c
v e l o c i t y  i s  the  p o r t i o n  o f  f^  o f  i n t e r e s t ,  thus  r e d e f i n e  f j  by
A
f  j = Ihqu • k cos cp . (2*0
Now c o n s id e r  th e  e f f e c t  o f  th e  motion of  the  wave t r a v e l i n g  through
the  m e ta l .  The e l e c t r o n  on the  Fermi s u r f a c e  e x p e r i e n c e s  the  fo r ce
which tends  t o  keep the  e l e c t r o n  on the  Fermi s u r f a c e  i f  the  s t r a i n
is  s t a t i c .  However, s i n c e  the  wave t r a v e l s  p a s t  a p o i n t  in the  meta l
w i th  v e l o c i t y  c , th e  f o r c e  F does work to  remove the  e l e c t r o n  from the  ' s x
Fermi s u r f a c e  by an amount F c 6t  d u r ing  t ime 6t .  To f i n d  thex s
f i c t i t i o u s  f o r c e ,  f ^ ,  which may be co n s id e re d  a s  pe r fo rm ing  the  same 
amount o f  work on the  e l e c t r o n  of  v e l o c i t y  v, t r a v e l i n g  in the  s t a t i o n a r y  
l a t t i c e ,  one e q u a te s
FxCs 6 t  = f 2v6t * (25)
I t  i s  unders tood  t h a t  fg  i s  the  component o f  the  f i c t i t i o u s  f o r c e  
a long  the  e l e c t r o n  v e l o c i t y .  Hence,
f g = -  iqhcs K • e (26)
which may be r e w r i t t e n  more c o n v e n ie n t ly  as
At
f 2 = iqh  K • u . (27)
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The sum o f  the  two f i c t i t i o u s  fo r c e s  tend ing  t o  remove the  e l e c t r o n s  
from th e  e q u i l i b r i u m  p o s i t i o n  of  the  deformed Fermi s u r f a c e  i s
where 0 = K + k cos cp.
In a d d i t i o n  to  f j ,  the  e l e c t r o n s  a r e  a c te d  upon by a r e a l  f o r c e  due
a
t o  th e  e l e c t r i c  f i e l d ,  E, a s s o c i a t e d  w i th  the  wave. In a meta l  a t  
f r e q u e n c i e s  l e s s  than  app ro x im a te ly  1 KMc, the  e l e c t r o n s  a r e  a b l e  t o  
fo l l o w  the  mot ion o f  th e  l a t t i c e  ions w e l l  enough t o  n e u t r a l i z e  any 
c u r r e n t  due t o  the  motion o f  the  ions .  This may be s t a t e d  d i f f e r e n t l y ,  
i . e . ,  th e  e l e c t r i c  f i e l d s  c r e a t e d  by the  sound wave moving through the  
l a t t i c e  a r e  equal  and o p p o s i t e  to  th e  e l e c t r i c  f i e l d  r e l a t e d  t o  th e  
e l e c t r o n i c  c u r r e n t  by
E. = p. . J .  . (29)j  i j  i '
The q u a n t i t y  p . j  i s  the  u su a l  r e s i s t i v i t y  t e n s o r .  T h e re fo re ,  i f  the  
e l e c t r o n i c  c u r r e n t  due to  f  can be c a l c u l a t e d ,  the  e l e c t r o n i c  f i e l d s  
due to  the  l a t t i c e  mot ion can be c a l c u l a t e d  in a s e l f - c o n s i s t e n t  manner.
To c a l c u l a t e  the  e l e c t r o n i c  c u r r e n t ,  the  fo l l o w in g  p rocedu re  i s  
adop ted .  I f  a group of  e l e c t r o n s  ga in  energy  in exces s  o f  the  Fermi
energy  by an amount AW, th e  s u r f a c e  is  d i s p l a c e d  outwards  by an amount
Aw . AUAk = The volume o f  th e  d i s p l a c e d  s u r f a c e  dV = (Ak)dS = dS. The
volume m u l t i p l i e d  by the  d e n s i t y  o f  s t a t e s  per  u n i t  volume o f  m eta l  g ives
the  number o f  e l e c t r o n s  p e r  u n i t  volume o f  the  meta l  moving w i th
*
v e l o c i t y  v.  Thus the  e l e c t r o n i c  c u r r e n t  Jg may be w r i t t e n  as
f  = f j  + f g = i q t i D *  u (28)
> (30)
where the  i n t e g r a l  is  taken  over the  Fermi s u r f a c e .
The q u a n t i t y  AW may be c a l c u l a t e d  from knowledge o f  th e  e f f e c t i v e  
f o r c e  f  a c t i n g  on the  e l e c t r o n s  p a r a l l e l  t o  t h e i r  mot ion,  t a k in g  i n to  
account  the  t o t a l  h i s t o r y  o f  the  e l e c t r o n ,  by the  e x p re s s io n
AW(o) = J  vf  exp (- J* — ■) d t  . (31)
-00 £
In z e r o  magnet ic  f i e l d ,  v and t a r e  c o n s t a n t ,  thus
o
AW(o) = v J* fe  d t  . (32 )
— 00
The fo r ce  f  has a time dependence o f  the  form
f ( t )  = f e i ( “ ' q ' v ) t  '  (33)
and s in c e  q i s  in the  x d i r e c t i o n ,
f  <t) . f . * - "  cos f> ‘  . (3io
Therefore
AW = f  v t ( 1  + iooT -  iqvT cos <p) * • (35)
The c u r r e n t  Jg may now be expressed  as
. _ e p  f v t  dS_______ ,
e 4^3^  * (l + icuT -  i qj& cos cp)  ’  3̂ ^
where I  = v t ,  the  mean f r e e  pa th  of  the  e l e c t r o n .
A
The e l e c t r i c  f i e l d ,  E, due to  the  l a t t i c e  may new be ex p re ssed  as
At t h i s  p o i n t  Pippard  makes the  approx im a t ion  t h a t  ojt is  n e g le c t e d  
in comparison w i th  (l  -  iqX cos cp). The assumption  is  e a s i l y  j u s t i f i e d
f o r  the  case  qX »  1, but i s  on l e s s  f i r m t h e o r e t i c a l  grounds when
e i t h e r  t h e  mean f r e e  p a th  o f  the  e l e c t r o n s  becomes small  o r  th e  sonic  
wavelength ,  becomes too long. However, f o r  the  p r e s e n t  exper iment  
where qX ~  30, the  approx im a t ion  i s  j u s t i f i e d .
A A  A  A
Thus i f  X = vT and a = qX, then
A A
T v . (0 • u)
cos , )  dS ' 3 8 )
Using Eq. (14) ,  the  above e x p re s s io n  reduces  to
A  A
E. = - S -  p.  . r a .  ( ■ > • “ > «  <=”  f  dS
■* (1 + a cos cp)
t
where t h e  in teg ' ra l
Tv.(D • u) dS
^  (1 + a 2 c o s 2 "tp)
is  seen t o  van ish  by v i r t u e  of  the  c e n t r a l  symmetry of D.
The t o t a l  f o r c e ,  F, p a r a l l e l  t o  th e  motion o f  the  e l e c t r o n  may 
now be w r i t t e n  as
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The t o t a l  e n e rg y  s h i f t ,  AW, of t h e  e l e c t r o n s  from the  Fermi s u r f a c e  
due t o  t h e  sound wave may now be c a l c u l a t e d  by Eq. (3^1 w ith  th e  sub­
s t i t u t i o n  of F f o r  f .  The number o f  s t a t e s  e x c i t e d  above th e  Fermi 
le v e l  i s  r e l a t e d  t o  AW by
AN = (4  0)
4jt^hv
and t h e  average e x ce s s  en e rg y  of t h e s e  e l e c t r o n s  above the  e q u i l i b r i u m  
Fermi energy i s  AW/2. I f  t h e  r e l a x a t i o n  time i s  t ,  then th e  average  
r a t e  o f  energy d i s s i p a t e d  by the  e l e c t r o n  system pe r  un i t  volume is
To f i nd th e  a t t e n u a t i o n  c o e f f i c i e n t  a ,  Q is  d iv id e d  by t h e  energy 
d e n s i t y  per u n i t  t ime due t o  the  sound wave. T h e re fo re ,
*
or = -------------------- (4 2 )
( l /2M u^cs )
where M is the d e n s i t y  of t h e  meta l .
In terms o f  AW, the a t t e n u a t i o n  c o e f f i c i e n t  becomes
or = (4rt^iMcs u2) -1  J  ds . (4 3 )
The value o f  AW is found by s u b s t i t u t i o n  o f  Eq.(39)into Eq. (32) which 
y i e l d s ,  upon r e s t o r i n g  the  t ime dependence of F
F e (1 /T + '  iqv 005 9 , t  d t  ( I*)
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or
m  -  ( i  -  ; : t c05 tp)
i f  cot i s  aga in  n eg lec ted .  
Thus,
1 + a cos <p
There fo re
« =  f t . w . V 1 j  • m
1 + a cos cp
To c a l c u l a t e  | f | ^  the  assumption wi l l  be made t h a t  p . j  i s  r e a l  
s i n c e  cot i s  smal l .  The va lue  | f | 2 in t h i s  approx im at ion  is
| F| 2 -  , W u 2 + <-*I ) 2 l kuS , (Vr>
where S$= ^ U and
. p a cos cp
' i  -  J a i 7 7 2  ~  dS *1 + a cos cp
There fo re  the  e x p re s s io n  f o r  a  becomes
[2 ,c 2 2
" ‘ • 4 A cs ^  1 + a2cos2<p ' \ A q '
where
*ia_ [fS _ 5 i§   +  ) D D | | A 1 (48)
^  , 2___ 2„  i j  kA i k iA-* {
a . a *  dS
A, 1  -  I ' ljA “ . 2 2 \J a (1 + a cos cp)
To s i m p l i f y  some o f  the  e x p r e s s io n s  o b t a in e d ,  i t  i s  i n s t r u c t i v e  t o  
c a l c u l a t e  the  va lue  o f  t h e  c o n d u c t i v i t y  t e n so r  cr.^ d e f in e d  by
J .  = f f . . E. (49)
J ' J  '
where cr.j has the  p r o p e r t y
o. .p . .  = 6 . .  i j  i k j  k
A A j ̂
Consider an e l e c t r i c  f i e l d  o f  the  form E ( t ) = Ee . The c u r r e n t
A
due t o  E ( t )  may be c a l c u l a t e d  in the  u su a l  manner, a g a in  n e g l e c t i n g  cot 
w i th  r e s p e c t  t o  (1 -  iacos  cp), by u s ing  as  the  f o r c e  in Eq.(32)the va lue
A A
eE ' a / a  t o  o b t a in  AW, which may be s u b s t i t u t e d  in Eq. (30) to
obta  i n J .
J
2 2 e E. a . a . d S  e E. a . a . d S
 L J  - - r - J * — 1 ' 2 o • (50 )
J 4jrfrq a ( l  -  iacos  cp) 4ir'?hq a (1 + a cos cp)
Thus
• e 2
CTi . = “V "  A. . (51)
' j  4n^h.q * ^
and
p i j pk j e ' i 1 kAjje 2 p i j p kjft' 1 1 k°jj& “ 2 p i j 1 i 1 j  '  ^6 6
u s ing  the  Knonecker d e l t a  p r o p e r t y  o f  th e  p ' s  and a 1s.
This  is  the g e n e r a l  r e s u l t  f o r  a sound wave o f  a r b i t r a r y  p o l a r i ­
z a t i o n  p ropaga ted  in the  x d i r e c t i o n  w i th  wave v e c t o r  q.  I t  is  i n s t r u c t i v e  
t o  e v a l u a t e  the  e x p re s s io n  f o r  <* f o r  a s imple  bu t  i n t e r e s t i n g  c a se ,  
t h a t  o f  a pu re ly  l o n g i t u d i n a l  wave. For a l o n g i t u d i n a l  wave propaga ted  
i n the  x di r e c t i  on
u = u  u = 0 = u . (55)x y z
T h ere fo re
A A
^  =  -----   = D = K + k cos cp (56 )u x x x T
and n o t in g  t h a t  ax = a cos cp, i t  is  seen th a t
.  j. dS ■ J g f  dS -  J  &  d |  . (57)
1 + a cos cp 1 + a cos p̂
But a cc o rd in g  t o  Eq. (1) the  f i r s t  i n t e g r a l  on the  r i g h t  v a n i sh e s ,  hence
' x = - J- *  f  g • (58)
1 + a cos cp
ly -  0 = 1̂  due t o  symmetry, l e av in g  th e  on ly  B.^ t o  be de termined as
B .xx
For the  case  o f  p u r e ly  l o n g i t u d i n a l  or p u r e ly  t r a n s v e r s e  sound
36
is a l s o  d ia g o n a l  with  t h e  r e s u l t  t h a t
t  = (A >-1 = J  3 C° f  dS (59)
** J 1 + a cos^p
wi t h  a = a cos  cp. x T
The g e n e r a l  r e s u l t  f o r  l o n g i t u d i n a l  waves is  t h e r e f o r e
« - - T l- { j a a > oS O + U  /  f  aCOS^ dSg ) (60)
4rt Mcg 1 + a cos cp 1 + a cos cp 1 + a cos cp
I f  the  g e n e r a l  r e s u l t  i s  e v a lu a t e d  f o r  th e  f r e e  e l e c t r o n  model of 
a m e ta l ,  the  v a lu e  o f  i s  e a s i l y  de termined  by the fo l low ing  p rocedure
,2 /3  rv 2 /3Ep or n* '5 a  (Vol) , (6 l )
thus
but
and K is  d e f in e d  by 6k = e K .
X  '  X X  X
According t o  Eq- (6 2 )
6k = - 1/3 exxk p (64)
so t h a t  K may be i d e n t i f i e d  as  - l / 3 k p f o r  th e  f r e e  e l e c t r o n  model,X r
which is  a c o n s t a n t  over  Fermi s u r f a c e  and may t h e r e f o r e  be removed from 
under the  i n t e g r a l  s ig n .
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The e v a l u a t i o n  of  the i n t e g r a l s  is s t r a i g h t f o r w a r d  and only the  
r e s u l t  need be r e p o r t e d  which is
2 -1nm r a tan a , -i tr*~\
’  l7 ,— r ^ v  1 ■ ( 5)s 3 (a - tan a )
I t  i s  i n t e r e s t i n g  t o  note  t h a t  f o r  a = qZ »  1,
nm /itOi
Mv t  s
( f M  , (66)
and the  a t t e n u a t i o n  i s  d i r e c t l y  p ro p o r t io n a l  t o  q, whereas  fo r  a «  1
2 /  a3a (a -  T7 + . . . )
a  -  J E 2 -  f  ------ 2 i _ _ ---------------- .  l} (6j )
Mv t  ■ a3 T. us 3 La -  (a - j p  + . . . ) ]
nm o^JlPQf —| ■ ■ ■■ T
Mv 5 T 3
and the  a t t e n u a t i o n  is  now p ro p o r t i o n a l  t o  t h e  square o f  t h e  sonic 
wave v e c t o r .
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B. A t t e n u a t io n  in a T ran sv e rse  Magnetic F ie ld
The a t t e n u a t i o n  o f  sound waves in a metal  in th e  p re sen ce  o f  a 
t r a n s v e r s e  magnet ic  f i e l d  may be t r e a t e d  in a manner ve ry  s i m i l a r  t o  
t h a t  of the  p re c ed in g  s e c t i o n  s in c e  the  same e f f e c t s  a r e  r e s p o n s ib l e  
f o r  the  a t t e n u a t i o n .  The main d i f f e r e n c e  caused by the  i n t r o d u c t i o n  of  
the  m agnet ic  f i e l d  i s  t h a t  the  e l e c t r o n s  a r e  now c o n s id e re d  t o  move 
around th e  Fermi s u r f a c e .
Suppose the magnet ic  f i e l d  i s  in th e  z d i r e c t i o n .  The k-space  
t r a j e c t o r y  of an e l e c t r o n  in the  absence  o f  c o l l i s i o n s  i s  a lo n g  the
i n t e r s e c t i o n  of  a s u r f a c e  of  c o n s t a n t  energy  by p la n es  of c o n s t a n t
22Onsager has shown t h a t  the  p r o j e c t i o n s  of  the  p a th s  in r e a l  space on 
the  z = 0 p lane  a r e  r e l a t e d  t o  the  pa th s  in k -sp ace  by a r o t a t i o n  of 
rt/2 about th e  z - a x i s  and s c a l e d  by a f a c t o r  of  hc /eH .  (P ippard  uses 
a system o f  u n i t s  where c = 1. )
I t  w i l l  be assumed th roughou t  the  cou rse  o f  the  fo l lo w in g  d i s ­
cu ss io n  t h a t  the p o r t i o n s  of  the  Fermi s u r f a c e  under c o n s i d e r a t i o n  
a r e  c lo se d  su r fa ce s ,  and w i l l  be viewed as seen in th e  r e p e a te d  zone 
scheme. Since i t  i s  the  u su a l  p rocedure  t o  t r e a t  a lm os t  f i l l e d  bands 
o f  e l e c t r o n s  as ho le  bands,  t h e  th eo ry  w i l l  be p r e s e n te d  in a form 
a p p l i c a b l e  t o  both k inds  of c a r r i e r s .  I t  should  be r e c a l l e d  a t  t h i s  
p o in t  t h a t  c lo sed  s u r f a c e s  o f  ho les  surround s t a t e s  o f  h ig h e r  energy ,  
whi le  c lo se d  e l e c t r o n  s u r f a c e s  surround s t a t e s  of  lower energy .  I t  
w i l l  be assumed t h a t  the  magnet ic  f i e l d  is  d i r e c t e d  a long  th e  z - a x i s  
i n t o  the  p lane  of t h e  paper  such t h a t  e l e c t r o n s  t r a v e r s e  o r b i t s  in a
c lockw ise  d i r e c t i o n  w h i le  ho le  type  o r b i t s  move in a c o u n te r - c lo c k w is e  
sense .
Again,  as in t h e  p reced in g  s e c t i o n ,  the  p rocedure  is  t o  c a l c u l a t e
A A
the  energy  s h i f t  o f  the  e l e c t r o n s  due t o  a f i c t i t i o u s  f o r c e  F ( k , t )  
which i s  p a r a l l e l  t o  the  motion o f  the  e l e c t r o n s  and i s  o f  the  form
F ( k , t )  = F exp [ i  (a>t -  q x ) ]  . (68 )
Now c o n s id e r  an e l e c t r o n  on the  p lane  x = 0 a t  t ime t  = 0 and 
a t  a p o i n t  s on i t s  k -space  o r b i t .  The e q u a t io n  of motion governing  
the  mot ion of  the  e l e c t r o n  i s
h d t  k (s )  = " c v (s) x H •
Thus i f  a t  time t '  the  e l e c t r o n  now f i n d s  i t s e l f  a t  th e  p o i n t  s ' ,  
then the  k^ c o o r d i n a t e  has changed from ky (s )  to  k ' y ( s ' ) .  Thus from 
Eq. (69) i t  may be seen t h a t  the  new x c o o r d in a t e  is  g iven by
A
ch(ky  - k y , ) /eH .  The wave l i k e  v a r i a t i o n  o f  F ( k , t )  may t h e r e f o r e  be 
wr i t t e n  as
exp [ i  (tot -  3—  (ky - ky , ) ]  . (70)
The e x p re s s io n  f o r  th e  energy  s h i f t  due to  the  f o r c e  F ( k , t )  i s  now 
seen to  be g iven by
o o
AW(0) = J  v F e x p [ -  -1—rj3- (k -  k ,) + icot1 -  J  ^ - ]  d t '  • (71)
moo y y  ̂1
At t h i s  p o in t  the  t ime dependent  term e x p ( io ) t ' )  i s  n e g lec te d




J (1 + i a y r ) ^  (72)
t '
and f o r  the  son ic  f r e q u e n c i e s  under c o n s i d e r a t i o n ,  cut «  1.
. i r
The Lorentz f o r c e  a c t i n g  on the  e l e c t r o n  i s  -----  sin©, thusc
5 = (evH /  h e )  sinQ , (73)
where the  same s ig n  is  p o s s i b l e  f o r  bo th  e l e c t r o n  and ho le  o r b i t s  
s in c e  s is  measured a long  the  d i r e c t i o n  of  motion.  T h e re fo re  the  
p roduct  v d t 1 a p p ea r in g  in the  i n t e g r a l  f o r  AW reduces  t o
v d t 1 = (ch. /  eH) cosec©' d s 1 . (7^)
S i m i l a r l y  the  i n t e g r a l  invo lv ing  the r e l a x a t i o n  time becomes
- J  T  = + J* TveHsin9" d s " ^
t 1 s
Def i ni ng p and X by
p = chq/eH 
X. = p/a  s i n  6
(76)
where aga in  a = q v T  = ql ,  the  e x p re s s io n  f o r  AW reduces t o
s s 1
AW(0) = ~  exp (“ ipk ) J* F c o s e c 0'  e x p ( ip k  1 + J* \ d S ' ' ) ds 1 (77)
y _o> y s
the  i n t e g r a l s  having been c o n v e r ted  from time i n t e g r a l s  to  l i n e  
i n t e g r a l s  a long the  pa th  o f  th e  e l e c t r o n s  in k-space .
The I n t e g r a l s  in AW may be reduced f u r t h e r  i f  one r e c a l l s  t h a t  
the  p a ths  involved a r e  c lo se d  p a th s ,  and t h a t  F cosec0 '  e x p t - ip k ^ )
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and X(s")  a r e  p e r i o d i c .  Thus th e  i n t e g r a l  i s  o f  the  g e n e r a l  form
s s 1
t ( s )  = J ‘ f ( s ' )  exp ( j  Xds") d s 1 ( 7 8 )
-00  5
where f ( s ' )  and X(s") a r e  p e r i o d i c  fu n c t io n s .  I f  sq d e s i g n a t e s  the
p e r im e te r  of  the  k -space  o r b i t ,  then
1 s - s  ,s s '  o s '
I (s)  = J* f ( s ' )  exp (J*  Xds")ds '  + J* f ( s ' )  exp (J* Xds") d s 1 + . . .  ( 7 9 )
s - s  s s - 2s so o
By a change o f  the  v a r i a b l e  o f  I n t e g r a t i o n  in each i n t e g r a l  of  the
sum to  b r in g  the  l i m i t s  o f  I n t e g r a t i o n  back t o  s - s q  s ,  i t  may be seen
t h a t
. s 1 - ss s '  s o
I (s) = J’ f  ( s 1) exp ( J ' ^ d s " ) d s l + J f ( s ' - s  )exp( J* Xds")ds '
s - s  s s - s  so o
s ' - 2ss o
+ J' f  ( s ' - 2s ) exp (J* Xds")ds '  . (80)
s - s  so
The p e r i o d i c i t y  of  f ( s ' )  implies  t h a t  f ( s ' - n s o ) = f ( s ' ) ,  thus
, s ‘ - s  s ' - 2ss s '  o o
I (s )  = J d s ' f ( s ' )  {exp J* Xds" + exp j ’ Xds" + exp J  X d s" ] (8 l )
s - s  s s so
the  i n t e g r a l  in the  e x p o n e n t i a l  may be w r i t t e n  as
s ' -n s  , , .o s '  s '  s '
f  Xds" = J* Xds" -  J* Xds" = j* Xds" -  n Xds" , (8 2 )
s s s ' - n s  s
s i n c e  X(s") i s  p e r i o d i c .  The re fo re
I (s )  = ------------ —  -------  J f ( s ' ) e x p ( J  Xds")ds '  . (8 3 )
1 - exp (“<j>Xds") s - s  s
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The r e s u l t  may be a p p l i e d  t o  the  i n t e g r a l  f o r  AW y i e l d i n g
AW(0) _ e x P (" '  foY? p cosec e« e x p ( ip k y '  + J’Xds,,)ds' (84)
eH 1 - e ' ^  s - s  so
where p = — has been w r i t t e n  f o r  <j)A.ds" which i s  th e  p r o b a b i l i t y  of  
c
c o l l i s i o n  dur ing  one r e v o lu t i o n  o f  the  o r b i t .  I t  is  unders tood  t h a t
t is  th e  mean r e l a x a t i o n  t ime, t h e  average  be ing  taken  on th e  o r b i t
around th e  Fermi s u r f a c e j  and cu i s  the  c y c l o t r o n  f requency  d e f in e d  as0
“  = “  (85 )c m c c
where m is  the  c y c l o t r o n  mass d e f in ed  in th e  usua l  manner, c
The c u r r e n t  d e n s i t y  J is  g iven  by
v. AW
J.  -  J  ——  dS . (86 )
1 v
The s u r f a c e  i n t e g r a l  may be broken up and e v a lu a t e d  by
ds
J1 dS = J1 dkz #  i l r t  ’ (87)
hence
j x = J1 dk <j> AW cos<t> ds ,
4 ir%  z
Jy = J* dkz AW s in*  ds ,
J  = f  dk £ AW co tS  ds . (8 8 )
z 4 A  J z y  V ’
The f o r c e  F, which must be s u b s t i t u t e d  in t h e  e x p r e s s i o n  f o r  AW t o
allow th e  c a l c u l a t i o n  o f  J ,  i s  made up o f  t h r e e  p a r t s  as  d i s c u s s e d  in
the  p re c e d in g  s e c t i o n .  For an e l e c t r o n  moving on a c lo se d  k-space  
o r b i t ,  t h e y  may be w r i t t e n  as  F = f^ + f ^  + f  , where = iqhK • u,
A  A
and is  due t o  de fo rm a t ion ,  f_  = iqhk • u sin9cos<t>, and is  due t o  r e l a t i v e
A  A U
0 E * vv e l o c i t y ,  = -----”-----  , and i s  due t o  the  e l e c t r i c  f i e l d s .
At t h i s  p o in t ,  i t  becomes c o n v en ien t  t o  s p e c i a l i z e  t o  the  case  o f  
a pure ly  l o n g i t u d i n a l  sound wave p ropaga ted  in the  x d i r e c t i o n .  This 
is  the c o n f i g u r a t i o n  o f  the p r e s e n t  exper im en t ,  and i s  the  case  ( i , k )  
in the n o t a t i o n  o f  P ippard ,  which w i l l  be adopted  in t h i s  d i s c u s s i o n .
The f o r c e  F assumes the  form
F = iqhu(K + k sin9cos<t>) + eE sinBcos* + eE 'sinfisin#T x x x y
a
S u b s t i t u t i o n  in AW, and then i n t o  the  e q u a t i o n s  fo r  J ,  r e s u l t s  in
dk
j  _ — £— j*  £_  £ e x p ( - i p k  )cos<t> G (s , s  )ds ,
* 4n3H 1-e y °
and
dk
J = 0 J* — -  <6 exp (- i pk ) s i n* G ( s , s ) ds ,
y 4*3H J 1 - e ^  y °
dk
J = J' —  $  exp (- i pk ) c o t9  G (s , s  )ds





G ( s , s q )  = J  e x p ( ip k  + j  Xds") ( iqhuK^cosecG1ys - s  7 s
+ (iqhuk + eE )cos4>1 + eE s i n ^ ' j d s 1 (91)x x  y
The i n t e g r a l s  involved in  the  c a l c u l a t i o n  o f  J a r e  s i m p l i f i e d  in 
Appendix I I ,  hence i t  i s  p o s s i b l e  a t  t h i s  p o i n t  t o  w r i t e  down the
fo l lo w in g  e x p re s s io n s  f o r  the  c u r r e n t  d e n s i t y .
Jx ■ ^ < * 1 3  + B35> + Ex (B07 -  B33> + EyB133
J y "  ^  ^ (B11 + V  - ExB13 + EyBl l ] (92)
J = 0 z
In the  p re c ed in g  e x p re s s io n s ,  the  fo l l o w in g  n o t a t i o n  i s  adopted
-1I = <f> Xds = (ai t )o 2jt *» '  c
I = ~  £ T] e ' ^Vds; n = 1 ,2 , . .  .6n 2n ^ n 3 3 3
where in the  p r e s e n t  paper ,  t o  conform w ith  P ippard ,
2
Tlj = - i p sin* or p cos*
and ■_ =T
The B a r e  de f ined  bymn
(93)
113 = X (9*0
T|  ̂ = cosecB
I 1
B = J  m n ~ dk . (95)mn J . -u. z1-e
I t  should  be noted t h a t  l j  i s  dependent upon whether  th e  o r b i t  i s  
e l e c t r o n - l i k e  o r  h o l e - l i k e ,  whereas 1̂ ,  1̂ ,  and 1̂ . a r e  n o t .
In d e f i n i n g  th e  th e  p ro p e r ty  o f  i n v e r s io n  symmetry i s  used,
i . e . ,  f o r  each o r b i t  in th e  p lane  k , t h e r e  e x i s t s  a c o r re sp o n d in g  o r b i t
in the  p lane  -k  which i s  o f  the  same shape a s  the  o r i g i n a l  o r b i t ,  bu t
o
r o t a t e d  through 180 about  the  z a x i s .  Note t h a t  1) i s  r e a l  i f  i t s  
s ig n  i s  unchanged by in v e r s io n ,  whereas T) i s  imaginary i f  i n v e r s io n  does 
change the  s ig n .  I t  may be seen t h a t  t h i s  causes  th e  B^ n t o  be r e a l .
The p r e s e n t  r e s u l t s  a r e  in agreement w i th  those  o f  P ippard  a t  t h i s  
p o i n t ,  and may be compared by approx im at ing  p «  1 and n o t in g  t h a t  in 
t h i s  approx imat ion
l - e ' “  =-
to T  
C
'7 -  'o ©6)
B - J “ lmn 2nc mn
where I Is  de f ined  by Pippard .  The T|n a r e  d e f in e d  so as  t o  ag ree  
w i th  P ippard .
For a meta l  a t  s o n ic  f r e q u e n c i e s  l e s s  than  app rox im a te ly
1 KMc/sec, the  t o t a l  c u r r e n t  should  v an ish .  I t  i s  t h e r e f o r e  p o s s i b l e
t o  de te rm ine  E and E from Eqs. (9 2 ) ,  s e t t i n g  J = 0 = J .x y w  x y
C = r 15 13 11 35 -1 UH uH
x „ . „2 J c 1 c
(97)
Bn (B07 - B33> + B‘l3 
(Bnrr - B_„)B1c + B,_Boc. u u
E -  ■ (1 + —  I U 5
Bn (B„7 -  b3 3 ) + . f
S u b s t i t u t i o n  in th e  e q u a t io n  f o r  F g ives
F = icjhu(K + k sinQcos*) + Y.sin9cos<t> -  (1+Y )sin9sirrt> . (98 )
X  X  C  1 C c
I f  the  e x p re s s io n  f o r  F i s  s u b s t i t u t e d  in Eq .(77) f o r  AW, and the
46
i n t e g r a t i o n s  a r e  performed,  i t  may be seen  t h a t
o -v, e x p ( - i p k  ) Y,
AW(0) = [( I  -  Yjl -  Y2 I j ) ^  (99)
-  1-e
where th e  i n t e g r a l s  a r e  e v a lu a t e d  a cc o rd in g  t o  Appendix I I .
To c a l c u l a t e  t h e  a t t e n u a t i o n  c o e f f i c i e n t ,  o ; ^ ,  the  v a lu e  of  [AW|^ 
must be known, and may be w r i t t e n  as
2
. 2L2 2 I -  Y. I - Y J
Imr = t-1- 5----- 1 -a . +
a Y l ^  Y 1 2
* , ( i - . - p f t [ l 5 " Y l '3  '  V i > e ’ip ( - " V ] + < 5 ?  1 ’ <100)
s i n c e  Yj i s  r e a l .  denotes  the  o p e r a t i o n  o f  t a k in g  the  r e a l  p a r t .  
Conver ting  the  s u r f a c e  i n t e g r a l  in Eq.(^3) fo r  or g ives
Of.
eH i. .. p i  A1.12
^ 4 i t^ l2Mc cu2 s
J* dk $  | AW| Xds ( 101)
where hc/eHXs i n0 has been s u b s t i t u t e d  f o r  j2.
When Eq.( l00)for |AW|2 i s  s u b s t i t u t e d  in Eq.(101) fo r  ot} and the  
p a th  i n t e g r a l s  a r e  performed,  the  r e s u l t  i s
„  _ —  r dk f 1' ? -  V i ' '  ' i ^ ' 2
ik  M .2  J z 1 - p , 2jtMcs P c (1 -e  )
2Y. HY 2
+ — [ l - l 5 -  U L Y ,  -  L L Y j  + — |  } • (102)
(1-e  *)  3 5 3 3 1 1 3 2 k 2
The i n t e g r a t i o n  o f  the  f i r s t  and t h i r d  terms i s  s t r a i g h t  forward 
s i n c e  on ly  X v a r i e s  over  th e  pa th .  The second term may be i n t e g r a t e d
k l
around t h e  path  r e c a l l i n g  t h a t  f o r  a complex f u n c t io n  and a r e a l  pa th ,  
the  i n t e g r a l  of t h e  r e a l  p a r t  i s  equal t o  th e  r e a l  p a r t  o f  the  i n t e g r a l .
To perform th e  i n t e g r a t i o n s  over k^, the  fo l lo w in g  procedure  is  
adopted .  In the  f i r s t  term i t  i s  approximated t h a t  n / 1 - e  ^ is  c o n s t a n t  
over the  i n t e g r a t i o n  and may be removed from benea th  the  i n t e g r a l  s ign .  
The second term i n t e g r a t e s  immediate ly  r e c a l l i n g  t h a t  the  Bmn a r e  r e a l .  
To i n t e g r a t e  the  t h i r d  term, m u l t i p l y  by 2 i t l ^ / l - e  The r e s u l t i n g  
e x p re s s io n  fo r  ^ i s
= ^  + y > % 3  * Y/ Bn  - 2Yi b35
- 2V l 5 + 2W l 3] + 2Y1CB35 '  Y1B33 • Y2B13] + Yl V  ( ‘°3)
(The d i f f e r e n c e  in s ig n  shown in the p r e s e n t  work a s  compared t o  t h a t  
o f  P ippard  in the 2 Y jB ^  term is  p r o b a b ly ' a  ty p o g ra p h ic a l  e r r o r  in the  
o r i g i n a l  a r t i c l e . )
A meaningfu l s i m p l i f i c a t i o n  can be accomplished a t  t h i s  p o i n t  i f  
the term
—  «s I,  i . e . ,  n = «  l (104)
.  ~ p  ’ (13 T1-e c
where i t  occurs  a s  t h e  c o e f f i c i e n t  of the  lead ing  term in Eq .(103) .
The approx im at ion  i s  v a l i d  over the  range o f  f i e l d s  s t u d i e d  in t h e
p re s e n t  exper im en t ,  and p h y s i c a l l y  co r re sponds  to  t h e  e l e c t r o n  be ing
ab le  t o  complete  a t  l e a s t  one o r b i t  b e fo re  being s c a t t e r e d .  The
f a c t o r  o f  1-e 11 w i l l  be r e t a i n e d  unapproximated in th e  B . Wi thr r  mn
the  approx im a t ion ,  a . ^  becomes
„ eH fD w _i_ o w 2 , u 2
ik -  fB55 -  2V a  + B1 1 V  + Yi <Bo7 -  B33n  • (105)a nMc p‘
p p
The term + Yj (Bq ,̂ - B ^ )  may be s i m p l i f i e d  to  give
<B0 7  ~ B^ > B 1 S 2  +  B l l < B^ > g
W  -  B33> + B13S
(106)
hence
tt = eH [BQ7(B11B5 ^ 1 _ B152) 
ik  rtMcs P2c B1 1 (B07 - B3 3 ) + B132
+ B11(B352 ~ B33B55) + B1 3 % 5  + B33B l ^ g " 2B13B15B35 } . (10t)
B11^B07 “ B33^ + B13
E q u a t i o n  (IO7) reduces  to  P ippa rds  r e s u l t  when the approx im a t ion  t h a t
1-e ^ p is  made in the  Bmn
The above e x p r e s s i o n  for a  may be a p p l i e d  to  an a r b i t r a r y  Fermi
I K.
s u r f a c e  and w i l l  be v a l i d  fo r  both  e l e c t r o n  and ho le  bands. However.
« *«n. '
the  major  f e a t u r e  o f  i n t e r e s t ,  i . e . ,  the o s c i l l a t o r y  e f f e c t  seen  in the  
geom et r ic  resonance  reg ion  of the  m agne toacous t ic  a t t e n u a t i o n ,  may be 
e l u c i d a t e d  by a p p l i c a t i o n  to  a p a r t i c u l a r l y  s im p le  model o f  t h e  Fermi 
s u r f a c e j  t h a t  o f  t h e  f r e e  e l e c t r o n  model. In t h i s  model may be 
e v a l u a t e d  as shown in the  p reced ing  s e c t io n ,  and along w i th  t ,  and 
I ,  w i l l  take  the  same value  over a l l  o f  the Fermi su r face .  Thus i t  may 
be seen  t h a t
^  = P Kx a 713 ( 108)
which a l lows  one t o  w r i t e
B „  = pK a = (pK a) B „ (109)55 x 35 x 33
hS
and
b 15 = a B13 ( n 0 )
where K = -  1/3 k , k being de f ined  as the  r a d iu s  o f  th e  f r e e -x J  o '  o 3
e l e c t r o n  Fermi sphere .  I t  may now be seen t h a t  the  e n t i r e  second
term in Eq.(107’) f o r  a.,  v a n i s h e s ,  and d e f in in g  A by1 k '  mn
-1
B = ( l - e " ^ )  A , (111)mn mn
Qfjk i s  g iven  by
or.. =
eHk 2 q2*2 A0 (An A - A 2 )
_ o  ( °T 33 L2 ^  } . (112)
ik  9n Mcs c ( l - e ^ )  An (A07 -  A ^ )  + A ^ 2
If  the  c o e f f i c i e n t  A ^  in the numerator i s  f a c t o r e d  and e v a l u a t e d ,  
the  remain ing term may be s i m p l i f i e d  a l g e b r a i c a l l y .  Thus with
(113)07 jto) t 1 c
3 2and kQ = 3*f nj where n i s  th e  f r e e  e l e c t r o n  d e n s i t y ,  then
V  -  I ^ ----a  -  »  • ( » W
s a h <a 07 " A33* + a I3
The remain ing i n t e g r a l s  may be e v a l u a t e d  in t h e  f r e e - e l e c t r o n  
approx im at ion  in a manner s i m i l a r  t o  th e  fo l lo w in g  example.  Reca l l
' l  =  2 n  $  ■ i ^ s i n l ^ ,  ® x p 0 p k )  d s  • ( 1 1 5 )
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WI th  Bk = X, then o J
_ . Y . n 2n
11 = —■— J  exp (iXsi nBsi n«t>) si  n*d* . ( 116)
o
R e c a l l i n g  th e  expans ion  of  the  e x p o n e n t i a l  in Besse l  f u n c t i o n s
exp (i rs  i n't*) = E J ( r )  exp (in*) , (117)
n=-°° n
and making th e  s u b s t i t u t i o n  = * -  n, one f in d s
! 1 = ~ iXg ^ ln6 ^  ( " l ) n+1 J n (Xsin9) J exp(iro|0sfm|r d* . (118) 
n=-°° -«
The o r t h o n o r m a l i t y  p r o p e r t i e s  o f  the  s in e  and c o s in e  f u n c t i o n s ,  
a long  w i th  th e  r e l a t i o n
JQ' ( z )  = - J j U )  = J _ j ( z )  (119)
r e s u l t  in
I j  = -X s i n e  J ' (XsinB) , (120)
where t h e  prime deno tes  d i f f e r e n t i a t i o n  w i th  r e s p e c t  t o  the  argument.
S i m i l a r l y  f o r  1^, i t  i s  found t h a t
*3 = 2ir $  ds = (* /a ) J Q (Xsin0) . (121)
Note t h a t  X/a = (<a.T)
The i n t e g r a l s  A become 3 mn
V = ( 1 - e ’ ll)  > (1 2 2 a )
i t /2
A11 = qkox2 J* CJ 0 ' ( X s i n 0) ] 2 sir,3e d0 > ( 122b)
2k X2 it/ 2
A = — ~  J [ J Q( X s I n 0 ) r  sinQ d6 , ( 122c)
33 a o
-2k  X2 jt/2
A  -----2—  J  j  (XsinQ) J ' (XsinQ) sin^Q dQ . (I22d)
i  j  3  O © ®
I t  may be seen t h a t
A11 = 2kox2  s o (X) '  ( l 2 3 a )
2k X2
A33 = ~ " V  9o (x) '  (123b)
3
and
- k  x 2
a 1 3  f —  SC'(X) , (123c)
where s o (X), gQ(X) ,  and gQ‘ (X) = ^  go (X) a r e  the  same f u n c t io n s  
in t roduced  by Cohen, Harr ison ,  and H arr ison ,  and a r e  d e f in e d  In Eqs. 
(122b) ,  (122c),  and ( l22d) .
The a t t e n u a t i o n  c o e f f i c i e n t  becomes
2 2
nmq ■&.. r -  l )  . (124)
“ ik  3Me t 1--------------------------- !-----------------------r - r p  1J
t ,  . _ a s t _ g 3  + . - . * x —
a ( 1- e  ^ )  °  2a ( 1- e  ^ )  So
In the  l i m i t  M- <<: 1> the  r e s u l t  o f  Pippard i s  aga in  o b ta in ed
» .k  ^ ------------------- 1--------------------------- '  1} • (1 £ 5 )
5 2
Cohen, H a r r i so n ,  and H arr i son  have n u m e r ic a l ly  e v a lu a t e d  the  
e x p re s s io n  in b r a c k e t s  and have p r e s e n te d  the  r e s u l t s  in t h e i r  paper  pub­
l i s h e d  in i 960. The main r e s u l t  is  t h a t  O'. ^ i s o s c i l l a t o r y ,  and the 
p e r io d  i s  r e l a t e d  t o  by
c eX
ky = ch A(l/H) '  <l 2 6 >
where A( 1/H) is  the  pe r iod  in r e c i p r o c a l  f i e l d  k^ is  the  y d i r e c t i o n
c a l i p e r  o f  the  e l e c t r o n  o r b i t  in k -space .
The o s c i l l a t o r y  p a r t  o f  comes predom inan t ly  from t h e  gQ'(X)
term, and the maxima and minima occur when gQ'(X) v a n i sh e s .  The
o s c i l l a t i o n s  a r e  thus  due t o  the  o s c i l l a t i o n s  in J (2X) as  may be seeno
as fo l lows-
R eca l l  t h a t
o 1 “
9o 0 0  = I  V ( Xs i ne ) s i ne  de = i. E  J an+1(ax) . ( 127)
o m=0
T h ere fo re  t a k in g  the  d e r i v a t i v e  w i th  r e s p e c t  to  X of  gQ(X), and us ing  
the  r e l a t i o n
2 V  -  V i  -  J „+1 <l 2 8 >
i t  is  seen  t h a t
9o ' (X) = X [ J o (2x) " 90 (X)] * {129)
Since th e  o s c i l l a t o r y  p a r t  o f  gQ i s  much sm a l le r  in magnitude  than t h a t  
o f  JQ, then  the  o s c i l l a t o r y  e f f e c t  in Qf.^ w i l l  be dominated by the 
z e ro es  o f  JQ(2X).
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APPENDIX I I
The purpose  of  t h i s  appendix  i s  t o  i l l u s t r a t e  the  p rocedure  f o r  
r e d u c t io n  o f  th e  i n t e g r a l s  o c c u r r in g  in Appendix I. In g e n e r a l ,  i t  
w i l l  be shown t h a t  fo r  i  l a r g e ,  the  double  i n t e g r a l s  can be reduced 
t o  p roduc ts  of  s i n g l e  i n t e g r a l s ,  which c e r t a i n l y  f a c i l i t a t e s  the  
e v a l u a t i o n  of  the  a t t e n u a t i o n  c o e f f i c i e n t .
F i r s t  c o n s id e r  i n t e g r a l s  o f  the  type
s s 1
L = §  e x p ( - i 0k )cos4> ds J  X(s 1 )exp( i  pk' + J  XdsM) d s '  , ( 1)
^ s - s  y so
which, f o r  example,  appear  in the  i n t e g r a l  e x p re s s io n  fo r  J . NoteX
t h a t
■~£exp (- T 3ky ) } « +ipcos4> e x p ( - i p k y ) (2)
ta k in g  i n to  c o n s i d e r a t i o n  the  p o s i t i v e  d i r e c t i o n  o f  s .  Thus L may be
i n t e g r a t e d  once by p a r t s ,  g iv in g
o
s i n c e  the  i n i t i a l  term in th e  i n t e g r a t i o n  c o n t a i n s  as  a p ro d u c t  the  
c lo s e d  l i n e  i n t e g r a l  o f  a p e r f e c t  d i f f e r e n t i a l  o f  a w e l l  behaved p e r i o d i c  
fu n c t io n .
5 k
Through the  use o f  L e ib n i t z  r u l e ,  th e  d i f f e r e n t i a t i o n  may be 
performed r e s u l t i n g  in
L = $  X(s)ds
- i  S So
—  f  X ( s - s Q) (exp J* Xds")ds (k )
p s
§  e x p ( - i p k  )ds J ’ X ( s 1 )exp( l  pk' + J  Xds") [ - X ( s ) ] d s '
s - s ~ y so
s in ce  ky (s) = ky ( s - s Q) .  Also s in c e  X ( s - s q ) = X(s) and
s s o
J* Xds" = - f  Xds" (5 )
s
then
L = -jjj(l-e u ) £  X(s)ds  -  ^  §  Xexp(- ipky )ds  §  X(s '  ) exp( i  pk^)ds '  (6)
where th e  e x p o n en t i a l  damping term is  n eg lec te d  in the  l a s t  i n t e g r a l .  
The approxim ation  i s  v a l i d  u n le s s  i t  causes  the  second i n t e g r a l  to  
van ish .  This occurs  when X ( s ' )  = Acqs^1. In t h i s  case  both  t h e  f  i r s t  
and l a s t  i n t e g r a l s  v a n ish ,  th e reb y  r e q u i r i n g  a f u r t h e r  i n t e g r a t i o n  by 
p a r t s  f o r  the  second i n t e g r a l  b e fo re  the  damping term is  n e g le c te d .
This is  done as  fo l lo w s .  Consider the  second i n t e g r a l  in Eq. (6 ) w i th
th e  ex p o n en t i a l  r e s t o r e d ,  i . e . ,
-  i s. s '
L = ~  $  X e x p ( - i p k  )ds  J  A cos4>1 e x p ( ip k '  + J  Xds")ds '  . (7 )
y s - s „  y so
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But
]* co s# '  e x p ( ip k '  + /  XdsM) d s '  = J  j T i Cexp(i p k ' J l e x p f J ’ X d s " ) d s ' . (8)
s - s  Y s ps - s  y so o
I n t e g r a t i o n  by p a r t s  of  the  r i g h t  hand s i d e  of  Eq. (8) g ives
j i [ e x p ( i p k y ) ( l - e ' 1*))  + j i  J  \ ( s ' )exp(!  9 ^ ,  + J \ d s , ,) d s , . (9)
s ' s o
At t h i s  p o in t  t h e  damping term may aga in  be n e g le c te d ,  and by s u b s t i ­
t u t i o n  o f  Eq. (9) in Eq. ( 7) > i t  is  seen t h a t
L = ~P Cm-(l-e^) -  §  X e x p ( - i p k  )ds <J> X' exp( i  p k ' ) d s 1} (10)
p y y
For i n t e g r a l s  of  the  type
s s '
M = <j> e x p ( - i p k  ) si  n't1 ds J* X ( s ' )  e x p ( i p k '  + J* X d s " ) d s '  , (11)
s - s ^  y so
which t y p i c a l l y  appear  in J^ ,  th e  damping term may be n eg lec te d  
immediate ly ,  y i e l d i n g
M = <{> e x p ( - i p k y ) sin<t> ds §  X ( s ' )  e x p ( i p k ^ ) d s '  , (12)
u n l e s s ,  o f  c o u r s e ,  X ( s ' )  = Acos#1. In t h i s  c a se  i n t e g r a t i o n  by p a r t s  
o f  t h e  s ’ i n t e g r a l  g ives
M = $  sin4> e x p ( - i p k y )ds  f  X e x p ( i p k ^ ) d s '  . ( 13)
I n t e g r a l s  o f  th e  type
s s '
N = e x p ( - i p k  ) co t0  ds J* X ( s ' )  exp( ipk* + J  X ds" )ds '  (14)
Y s - s rt Y so
may be s i m p l i f i e d  by n e g l e c t i n g  the  damping term u n le s s  X ( s ' )  ~ 
l ^ s i n O 1 cos4>1, in which case  p a r t i a l  i n t e g r a t i o n  is  r e q u i r e d .  However, 
f o r  the  c a se  under c o n s i d e r a t i o n ,  i t  s u f f i c e s  to  w r i t e
N = <j> e x p ( - ip k y )  cotQ ds <j> X ( s ' )exp (i p k ^ )d s1 . (15)
For e x t e n s io n  t o  c ase s  o t h e r  than l o n g i t u d i n a l  sound waves the  r eader
i s  r e f e r r e d  t o  the  source  a r t i c l e  by Ptppard .
I t  i s  now p o s s i b l e  t o  e v a l u a t e  some o f  t h e  i n t e g r a l s  in J , J  ,x y
and J z < Consider
dk
J x  = - V J ’ ^ r  ' x  - (16 )x 4k3H 1-e 11 x
where
•x = f  e x p ( - i  pky)cos$ G ( s , s Q)ds  . (IT)
The i n t e g r a t i o n  o f  I i s  broken up i n t o  p a r t s  f o r  ease  in hand l ing .
The f i r s t  p a r t  invo lves
s s '
• = $  e x p ( - i p k  )cos<t> ds J  iqhulO c o se c S 'e x p ( i  pk1 + J ^ d s ' ^ d s '  (18)
s - s  y so
which may be e v a lu a t e d  u s ing  Eq. (6 ) t o  give
\ = (gTt)2qhu
x l  p3 '3  5 *
S i m i l a r l y ,  th e  term invo lv ing  eE^s in* 1 gives
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The next i n t e g r a l  is  1 ^  d e f in ed  by
s s '
I _ = <j> e x p ( - i 3 k  Jcos* ds J* iqhuk '  cos*!11 exp(i{3k‘ + J* \ d s " ) d s 1 . (21)
x y s - s  X y so
A p p l i c a t io n  o f  Eq. (6) g ives
'x2  = ^  $ X exP(“ 'P ky ) ds #  k* cos<t>' e x p ( ip k ^ ) d s '  . (22)
The second i n t e g r a l  in Eq. (22) may be i n t e g r a t e d  by p a r t s  t o  g ive
I = . ( a O 2^  , , . (2q)
x2 ^3 1 3  W5)
The i n t e g r a l
s s '
I = $  exp ( - i  pk )cos<t> J1 eE c o s * ' exp (i 3k'  + J* \ d s " ) d s '  , (2*0
J  Y s - s  y so
is  s i m p l i f i e d  through the  use o f  Eq. (10) which y i e ld s
(2ir)2eE
X (t U  -  U l J  • (25)x3 p2 ' o 7 3 3
Since 1^ = + lx2  + I + 1 ^ ,  may be c a l c u l a t e d  to  g ive
jx ■ ^  [T < B13 + B35> + Ex <B07  -  B33> + S » 1 3 J « >
The y component o f  the  c u r r e n t  d e n s i t y  i s
dk
J = — f -  r  —  i
* ImA  J 1 -e ”*1 *
(27)
where
!y “  f  e x p ( - i  3ky)sin<t> G ( s , s Q)ds . (28)
I may be e v a lu a te d  u s ing  Eqs. (12) and (13) t o  g ive
2
■ = .( £ ? ) ....& rHu/ i  1 + | | ) -  E I I + E I I ]
y q2 1 c u l*5 1 1  x 1 3 y l V
P
and s u b s t i t u t i o n  o f  Eq. (29) i n t o  Eq. (27) g ives  f o r  J
y
J = t ~ ( Bn  + Bic )  ’  E B„  + E B, 13 y rtp2H c M l  15'  x 13 y 11
By us ing  Eq. ( 15) f o r  the  i n t e g r a l  N, which occurs  
performing  the  i n t e g r a l  over  k^, i t  may be seen t h a t
in J , and z ’
van !shes .
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